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SummaryImplicit surfaces obtained by the convolution ofmixed dimensional primitives with some potential func-tion, are a generalization of popular implicit surfacemodels: blobs, metaballs and soft objects. Thesemodels di�er in their choice of potential function butagree upon the use of underlying modeling primitives,namely, points, which puts severe limitations on mod-eling process and restricts the application base of suchmodels.In this dissertation a method is described for cre-ating and rendering convolution surfaces built uponan expanded set of skeletal primitives: points, linesegments, polygons, curves and planes. Analytical so-lutions to the convolution integral are presented for anumber of implicit primitives and potential functions.A comparative analysis for a number of convolutionkernels is given.In addition to conventional techniques, commonlyused in implicit modeling, this dissertation describesa set of new modeling methods, which o�er a better
exibility for modeling with implicit surfaces.Finally, an e�cient ray-tracing algorithm is pre-sented, which is capable of producing high-qualityimages of objects modeled with convolution surfaces.The algorithm outperforms all ray-tracing algorithmsin its class known to date.Developing, modeling and rendering issues, dis-cussed in this dissertation are illustrated by originalimages developed and rendered by the author.
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Chapter 1Introduction1.1. A BRIEF HISTORYOF IMPLICIT SUR-FACES AND A LITERATURE REVIEWIt has been almost two decades since James F. Blinnput two Gaussian functions together and producedone dumbbell-shaped object that he called a blobbymolecule. The �rst implicit blend of surfaces in com-puter graphics was born [7].
Figure 1.1: Blinn's Blob.Almost immediately, the blobby molecule grew toan impressive size of over 4,000 atoms to present theDNA molecule in Carl Sagan's COSMOS TV Series.At approximately the same time, Japanese resear-chers at Osaka University and Matsushita ElectronicIndustrial Co. developed a system for modeling ob-jects with density distributions approximated by piece-wise quadratic polynomials, better known as meta-balls [48, 49, 50]. Unlike Blinn's blobby molecules,which were invented to represent blending shapes, thedevelopment of metaballs was largely motivated bythe need of making smooth metamorphoses in anima-tions. Computer graphics artist Yoichiro Kawaguchiused the metaballs system, running on a parallel com-puter LINKS-1 to produce the animated �lm Growth:Mysterious Galaxy [39]. Growth became a big successat the SIGGRAPH �lm show in 1983 and in years tofollow. ...It was completely di�erent from pre-vious computer imagery in that the ob-jects were comprised not of inorganic lines,but of living, curved surfaces. When thereaction toGrowth was one of raised goose-pimples, as though reacting to a night-mare, I knew that Growth was a success!Yoichiro Kawaguchi [41] 1 .

What makes implicit modeling so successful? Whydo objects, produced with this method look like `...liv-ing, curved surfaces'? Why are they called implicitin the �rst place?Implicit surfaces and implicit modeling receivedtheir name after the method the surfaces are de�ned.A surface S may be de�ned as a set of points p = (x; y; z)parametrically: S = p j x = x(t); y = y(t); z = z(t)g,explicitly: S = p j z = F (x; y)g,implicitly: S = p j F (x; y; z) = 0g.It is convenient to think of an implicit surface as anisosurface, formed in a scalar �eld F (x; y; z) at certainthreshold T :S = f(x; y; z) j F (x; y; z) = TgThe �eld function F is often presented asF (x; y; z) = NXi=1 fi(x; y; z) (1.1)The summation is performed over all constituent func-tions fi(x; y; z), each of which de�nes a density distri-bution in 3D-space. For example, the object picturedin Figure 1.1 is modeled by a sum of two Gaussiandistributionse�a1r21(x;y;z) + e�a2r22(x;y;z) = T;where r1 and r2 are distances from the centers ofthe �rst and the second component and ai are blend-ing factors. If the modeling functions fi(x; y; z) arecontinuous and smooth, the resulting surface will ex-hibit seamless blends between its constituent parts.Changes in number, position or properties of the mod-eling components will cause changes in the resultingshape.By adjusting these parameters, a designer controlsall regions of the surface.Density distribution functions fi(x; y; z), used inthe main modeling equation (1.1), may be de�ned ina variety of ways. Blinn used exponentially decaying1



Introduction 2potentials [7]. The metaballs system employed piece-wise quadratic polynomials [50]. In the soft objectsmodel, introduced by Wyvill et al. [73], the densityfunction is given by a polynomial of degree 6. An-other popular function is a quartic polynomial, usedin many public domain ray-tracing programs [56, 58].The exact formulae for all these functions are givenin Appendix A. In their basic implementations, allof these modeling functions are spherically symmet-ric and sigmoidal with respect to the center of thedensity distribution.It has been acknowledged that spherically sym-metric modeling functions are not adequate for allmodeling tasks. For example, 
at or cylindrical sur-faces cannot be represented by a collection of spheri-cally symmetric components. Similarly, elongated ob-jects like limbs, branches and tentacles also require abetter representation. The search for a wider rangeof implicit shapes took two conceptually di�erent di-rections 2.� Point primitives with anisotropic distance func-tions.This approach was proposed by Blinn in hisseminal paper [7]. He suggested using generalquadrics in order to compute the distance to thecenter of the primitive. Essentially, this methodchanges the space metric around spherical �eldfunctions and makes them look like quadrics:ellipsoids, cones, cylinders, etc.Superquadric implicit primitives can also be cre-ated this way, as described byWyvill andWyvill[78] and Kalra and Barr [38]. Blanc and Schlick[6] presented ratioquadrics, as a computationalimprovement of the superquadric model. Ra-tioquadrics and superquadrics are also basedon the notion of anisotropic distance function.Many other useful �eld functions are reviewedin [5] and [78].Perhaps the most advanced modeling functionin this class is an implicit sweep object, described2It must be noted, that the brief description given belowby no means should be taken as a complete classi�cation ofmodeling functions. To date, implicit modeling have gatheredunder its roof an immense variety of tools and concepts. Fora broader view, the reader is invited to consult [52], wherea uni�ed representation of many methods is suggested, calledfunction representation or F-rep. To demonstrate the widthof this representation, consider a modeling task of creating ahair-style for a virtual actor. The F-rep solution for this taskinvolves \...procedurally de�ned real functions with the use ofsolid noise, sweep-like technique, o�setting and set-theoreticoperations, and non-linear deformations. More details on hairmodeling can be found in the paper [67]" (quoted from [61]).The resulting hair looks like real hair (not shown) and nothinglike a `characteristic' implicit object pictured in Figure 1.1.More on function representation may also be found in [1, 43].

by Crespin et al. [20] 3. Swept objects are alsodescribed by Sourin and Pasko [68] in the con-text of more general modeling concept, the Func-tion Representation [1, 43, 52].� Non-point primitives with isotropic distance func-tions.With this approach, the modeling implicit func-tions are built around some non-point geometricobjects, typically, a collection of lines, splinesand polygons. Each point on such an objectis assumed to carry a certain potential chargewhich decays symmetrically in all directions. Tocompute the value of a modeling function fiat some point of interest (x; y; z), the potentialmay be measured either from the nearest pointon the underlying object, or it may be summedfrom all points that belong to the object. Sur-faces, modeled with the former approach areknown as distance surfaces. They are surveyedin [11], [15] and [16]. Surfaces, modeled withthe latter approach are called convolution sur-faces [12, 13, 19, 42, 60].Of all the multitude of modeling methods that uti-lize implicit functions, we have mentioned only thosethat are often referred to as `classic implicits'. Es-sentially, these methods provided the environment inwhich convolution surfaces evolved, which will be thetopic of this dissertation.1.2. GENERALIZATION OF CLASSIC IM-PLICIT MODELSConvolution surfaces were introduced into computergraphics by Bloomenthal and Shoemake [12] as a gen-eralization of point-based implicit models [7, 50, 73],extended to multi-dimensional modeling primitives.In short, a convolution surface is the implicit surface,based upon distribution functions fi, each of which isobtained via a 3D-integrationf(r) = ZV g(p)h(r� p) dp; (1.2)where h and g are potential and geometrical functionsof the modeling primitive, respectively. The integra-tion is performed over the volume V of the primitive.Equation (1.2) is commonly referred to as the con-volution integral; the function f(r) is called a convo-lution �eld function. In Chapter 2, we will describetheir properties in more detail.3An implicit sweep primitive may also be classi�ed as a dis-tance surface (see [11], [15] and [16]), based on some curve in3D-space. However, the authors [20] presented it as a pointsource with an anisotropic �eld function. The modeling com-plexity is achieved by specifying a 3D-trajectory the point fol-lows and the transformations that its �eld function undergoes.



Introduction 3Convolution surfaces received a thorough study ina doctoral dissertation by Jules Bloomenthal, \Skele-tal Design of Natural Forms" [13] and other works[8, 10, 12, 16] with special attention to modeling andrendering issues. Using convolution as a mathemat-ical apparatus, Bloomenthal developed a techniquefor creating the smooth, continuous forms that areubiquitously present in nature.An alternative formulation and motivation for con-volution surfaces is described by Sealy and Wyvill[60]. They examined how convolution technique maybe applied for smoothing models that are common inengineering applications.1.3. OPEN QUESTIONSThere are many aspects of the convolution model thatmay be signi�cantly improved. These problems fallinto a framework, that is characteristic for most mod-eling techniques used in computer graphics: Formu-lation, Modeling, Rendering.� Formulation.Questions in this category relate to how themethod is de�ned mathematically and appliedalgorithmically. Topics of interest are: how rig-orously the model is developed, is it consistentwithin to its own parts, does it allow exten-sions, are there special cases when the modelmay break down, etc.� Modeling.These questions are of a more applied nature.Once a modeling method is developed mathe-matically, one has to �nd out how this methodcan be used for practical tasks. How wide isthe application base of the method? How 
exi-ble and how intuitive is the process of creatingnew shapes?� Rendering.What algorithms may be used for visualizingthe model? What are the trade-o�s betweenrendering speed and accuracy? Is an interme-diate representation (e.g., polygonization) re-quired? Are there any additional requirementsin storage, etc.For the convolution surfaces as a modeling con-cept, all these questions translate into the followingconcerns.1.3.1. FormulationThe �eld functions fi used in the convolution sur-face model are de�ned via spatial integration (1.2).For most modeling primitives (with the exception ofpoints and line segments), the convolution integral (1.2)

does not yield closed form solutions 4 easily and re-quires special methods for its evaluation. These meth-ods normally involve approximation and storage ofintermediate results. We will give two examples howthe problem of evaluating (1.2) was approached byprevious researchers.Bloomenthal and Shoemake [12] described how toevaluate the convolution integral (1.2) for polygonalprimitives. For a potential function h, they used aseparable Gaussian functionh(x; y; z) = e�(x2+y2+z2)=2which allowed them to compute the convolution in-tegral (1.2) as a product of two convolutions, pla-nar e�(x2+y2)=2 and perpendicular e�z2=2. However,the intermediate planar convolution (in the polygon'splane z = 0) appeared to be too di�cult to per-form analytically and required a raster approxima-tion, which is performed as follows. First, a poly-gon is scan-converted into its digital image in thez = 0 plane and then convolved with a Gaussian two-dimensional �lter, using well-established algorithmsfrom digital signal processing [23]. Then, the pointof interest (x; y; z) is projected onto this plane and aplanar component of the convolution is obtained fromthe �ltered image. Finally, this value is multipliedby a perpendicular component of the Gaussian func-tion, e�z2=2. The results of the intermediate planarconvolution were originally stored as eight-bit inte-gers [12] and were later replaced by real-valued tablesto reduce quantization e�ects [13]. The demands onmemory are O(n2) with respect to image resolution.Sealy and Wyvill [60] suggested computing theconvolution integral (1.2) using volume sampling tech-niques and tri-linear interpolation between the nodes.They deliberately replaced the actual integration (1.2)by a discrete summation over the model space, aimingfor a more general approach. The trade-o� for thisgenerality is the usual `accuracy-vs-storage' problem.In a brute-force uniform voxel representation memorydemands are O(n3), therefore, Sealy and Wyvill usedan adaptive octree representation.We would like to emphasize, that atpresent, the lack of closed form methods ofevaluating the convolution integral (1.2)is the major drawback of the convolutionsurface model. In general, the model re-quires a raster representation for two di-mensional modeling primitives and volume4When saying `closed form solution', we mean a functionthat can be expressed via elementary functions and alge-braic operations and its evaluation does not require proceduraltechniques.



Introduction 4representation for three dimensional prim-itives. Both representations use point sam-pling evaluation techniques that may causeundersampling artifacts. Also, they re-quire large volumes of memory for stor-age, which may become prohibitive for com-plex scenes.The necessity of point sampling andstorage makes the convolution surface modelconceptually discrete, even though its math-ematical foundation requires and impliescontinuity.1.3.2. ModelingDue to di�culties in formulation and actual imple-mentation of convolution surfaces, the practical ap-plications of this method did not receive full atten-tion and development. Yet, modeling capabilities ofthis method are immense.The convolution surface model provides a conti-nuous description of a volume of space around theobject. This information may be used for variousmodeling tasks, including those related to the objects'appearance and tasks of controlling the objects' be-havior as well. A short excursion in school physicswill help to illustrate this point.According to its de�nition, the value of a convo-lution integral (1.2) is in fact a total potential f(r),generated by a 3D object at point r. Sometimes, itis convenient to think of f(r) as of an electrostaticpotential, because then one can say that the objectthat generates this potential is \charged" electrically.Alternatively, f(r) may be associated with a gravi-tational potential �eld produced by a massive body,or some other force-generating potential �eld for thatmatter 5. In any case, in order to render the object,represented as an isosurface in f(r), the values of thenormal vector N(r) = �rf(r)must be computed at every point on the surface ofthe object. Notably, the gradient vector, as shownabove (i.e., without normalizing), gives the vectorvalue of the physical force that is associated with thepotential. Thus, if one is creating a physically-basedanimation of interacting solids that are representedby convolution surfaces, one gets the forces at eachpoint of each object for free! That may help greatlyin computing trajectories, collisions and even mutualdeformations of the objects.To illustrate, consider the following example. Withthe help of the convolution surface model, it is easy5Temperature is another good example of a scalar �eld.However, it is not related to a force �eld that can be imag-ined as easily as gravitational or electrostatic forces.

to simulate, visualize and animate how things mayevolve in a gravity �eld of a cigar-shaped, a cross-shaped or a donut-shaped planet. To compute thegravitational forces of such unusual con�gurations, itsu�ces to evaluate the convolution integral and itsgradient for the corresponding geometric primitivesthat represent the basic shape of such planets (whichwould be a line, a cross and a circle, respectively).Observe, that in order to simulate conventional grav-ity, a Newtonian gravity potential 1=r must be usedas the convolution kernel h. Nothing prevents the de-signer from creating and exploring worlds where grav-ity obeys a di�erent potential instead, say, a Gaussianpotential, or any other distribution that can be usedas a kernel with the convolution integral (1.2) 6. Ap-pendix B shows the possible gravitational potentialsof a cigar-shaped object, including Newtonian 1=r.Antigravity in such imaginary worlds can be achievedby negating the resulting force vector 7.Even in the domain of more traditional model-ing tasks, i.e., for purely geometric shape modeling,convolution surfaces may be employed with more ver-satility. To date, convolution surfaces are still mostlyused to represent smooth forms, either of natural[8, 13] or arti�cial [19, 60] origin, and are not com-monly thought of as tools for creating shapes thatexhibit high frequencies.The application base of convolution sur-faces is perceived as being limited to blend-ing and branching structures which is anobvious underestimation of their modelingcapabilities.1.3.3. RenderingIn order to render a convolution surface even for aTV resolution image, the main modeling equationF (x; y; z) = 0 must be solved hundreds of thousandstimes. Solving this equation numerically requires, inturn, millions of evaluations of the convolution inte-gral (1.2) per image. To avoid such computationalcosts, polygonization is usually employed to convertimplicit models into their polygonal representationsthat can be rendered by any polygonal renderer. In6As already mentioned, the vector �eld of a gravitationalforce may be obtained by computing a gradient of the poten-tial distribution. If this distribution is \
at" at the center ofmass, which is the case of the Gaussian function, the gravityforces diminish as the observer gets closer to the center of mass!This describes the situation that can be experienced during ajourney towards the center of a planet, when the traveler even-tually �nds himself in a free-fall when he reaches the center.7We remind that Newtonian gravity is a vector force �eldF, with its magnitude proportional to 1=r2. Gravity potentialis a scalar �eld P and F = �rP (r), so the gravity potential isproportional to 1=r.



Introduction 5fact, polygonal representation has become a standardin the computer graphics industry, including implicitmodeling. For example, details about modeling andrendering practices in computer graphics productioncompany Paci�c Data Images are given in [3].Two sets of problems are related to polygonal rep-resentation of implicit surfaces:� traditional problems of polygonal surface repre-sentation;� problems speci�c to implicit surfaces.Problems of the �rst kind are common for all mod-els that employ polygons for representing three di-mensional objects. These problems are: geometricaliasing 8, high storage demands, the need for inter-polative shading techniques, which, in turn, spawnsa new subset of shading-related problems for ray-tracing algorithms [66]. Most of these common prob-lems are well understood and can be solved with well-established methods developed for polygonal model-ing and rendering. Detailed discussions on advan-tages and disadvantages of polygonal representationof 3D objects may be found in any text on computergraphics, for example, in [25] and [71].Problems of the second kind are speci�c for im-plicit surfaces only and are less explored.First, the polygonal representation of implicit sur-faces is not something that can be taken for granted| this is a large area of research. For a comprehen-sive review and classi�cation of polygonization meth-ods, see [15], [47] and [80]. In the most general case ofimplicit surfaces, when nothing is assumed about themodeling function F (x; y; z), there are no guaranteedmethods to solve the isosurface equation F (x; y; z) = 0reliably, and, therefore, to polygonize the surface cor-rectly. Since the polygonization algorithms e�ectively
atten the isosurface between the sample points, smallfeatures may be missed if they slip between the sam-ples.Second, the surface has to be repolygonized eachtime as the modeling implicit equation F (x; y; z) = 0changes, for instance, when components of the com-posite object, modeled with an implicit equation (1.1),move with respect to each other. In animated meta-morphoses, this routinely happens with every newframe. A dramatic example of how serious the prob-lem of repolygonization may get, is described by Hartet. al. [37]. \The Hollywood �lm industry issued8`Geometric aliasing' (also known as `scaling problem') isan unwanted artifact in computer-generated images, which re-sults in piecewise representation of curved surfaces by meshesof polygons. Geometric aliasing manifests itself during enlarge-ment of an image, when straight edges of the polygons becomeobvious. This happens, for instance, when a camera zooms inon an object.

a challenge to computer graphics community, whichwas iconi�ed by the character La Magra in the vam-pire movie Blade. La Magra was described as a tor-nadic monster of blood and was expected to consistof as many as tens of thousands of metaballs 9 " (re-iterated from [37]). La Magra was also expected toswirl across the scene at very high rates, so that mo-tion blur has to be used to make her movements lookrealistic. To render motion blur e�ciently, a polygon-based representation was required. Thus, the realchallenge was how to polygonize the surface of suchcomplexity for every single frame. To avoid the brute-force repolygonization, the authors proposed to main-tain the polygon mesh dynamically, basing on themethod developed in [69]. The idea was to watchfor critical changes in the topology of the mesh andmake the necessary adjustments locally. Althoughthe preliminary results were promising, a number ofunsolved technical problems prevented the successfulcompletion of the project. La Magra was removedfrom the script.It seems apparent now, that the lackof e�cient algorithms for visualizing im-plicit surfaces restrict their use in the com-puter graphics industry, especially, in the�lm production industry, where require-ments on image resolution, modeling 
ex-ibility and complexity are very high.One of the core operations of visualizing implicitsurfaces, with or without polygonizing, is solving theimplicit equation F (x; y; z) = 0. Thus, it is highlydesirable to have a method for solving F (x; y; z) = 0rapidly, reliably and with a high degree of accuracyfor a wide class of modeling implicit functions F (x; y; z).If this task is achieved, implicit surfaces in generaland convolution surfaces in particular could be ren-dered e�ciently, ideally without intermediate poly-gonization step, i.e. directly from their model repre-sentation. The polygonization algorithms could alsobene�t from such method.1.4. CONTRIBUTIONSIn this dissertation, we provide our solutions for allthree sets of problems, described above.In Chapter 2, a new mathematical formulation ofconvolution surfaces is developed. We present a newpotential function h(r) that yields closed-form solu-tions of the convolution integral (1.2) for a wide setof modeling primitives, including points, lines, curves,planes and polygons. These primitives form the basic970,000 metaballs, as reported during the paper presenta-tion at the 3rd International Workshop on Implicit Surfaces inSeattle, 1998.



Introduction 6building set of zero-, one- and two-dimensional skele-tal elements for implicit modeling. Closed-form so-lutions eliminate the need for intermediate volumet-ric computation and storage, which were typical at-tributes for most implementations of the convolutionsurface models before [12, 13, 60]. Also, in this Chap-ter we provide a comparative analysis of alternativepotential functions with respect to their compatibilitywith various modeling primitives and computationalcosts.In Chapter 3, we explore the modeling capabilitiesof convolution surfaces built with the newly developedprimitives. We introduce techniques that go beyondsimple blends. Using implicit surfaces, we sculpt ob-jects, manipulating their shape at all levels of detail,including �ne textures. Methods for creating spikes,horns, wrinkles and other features that are commonfor many organic objects, are discussed.Chapter 4 is devoted entirely to rendering. Wepresent a ray-tracing algorithm, speci�cally designedfor rendering convolution surfaces. As of this writ-ing, this algorithm outperforms all other ray-tracingalgorithms in its class. The algorithm is based upona piecewise interpolation scheme, that allows the sur-face to be approximated as closely as required. Withinthis approximation, the algorithm is guaranteed tolocate the surfaces to a machine-size 
oating-pointprecision. The algorithm does not employ numeri-cal root-�nding methods, therefore, it does not re-quire iterations and multiple evaluations of the mod-eling functions. This permits the rapid and accuraterendering of scenes with very high complexity, andwith constant computational cost with respect to thesilhouette edges. Although the algorithm is imple-mented as part of a ray-tracing program, its coreinterpolating and surface-locating modules may bereadily used for polygon-generating techniques. How-ever, the high speed of our algorithm allows directrendering with comfortable interactive rates.Each chapter of the thesis is preceded with itsown short introduction that supplies the reader withthe context of the problems being addressed and pro-vides a review of related work. Also, each chapter isconcluded with a brief summary of the results pre-sented and a discussion of their possible applicationand further improvements. In principle, all parts ofthis thesis may be read separately. For better read-ability, we allowed some repetitions of the key notionsand de�nitions.

\In 10 years, all rendering will be vol-ume rendering", predicted Jim Kajiya atSIGGRAPH'91. Ergo, all modeling hasto become implicit modeling!While this statement may be a slightexaggeration, we strongly believe that thetime for implicit modeling methods to taketheir place in the Computer Graphics ar-senal is long overdue.We believe that material presented inthis dissertation, reveals the true poten-tial of convolution surfaces, a supersetof `classic implicits'. Consistent math-ematical formulation, a wide applicationbase and the e�cient rendering algorithmmake convolution surfaces more practicaland powerful than ever.



Chapter 2Formulation of Convolution Surfaces2.1. INTRODUCTIONAn implicit surface S is the isosurface in some scalar�eld F , de�ned in 3D space asS = fp 2 R3 j F (p)� T = 0g; (2.1)where parameter T is the isopotential value. Al-though the scalar �eld function F (p) may take anyform, one of the most commonly used functions is asummation of point potentials:F (p) = NXi=1 fi(p); (2.2)where fi(p) are usually Gaussian-like bumps, decreas-ing with the distance from their centers. More for-mally, any o�set T may be contained within the def-inition of scalar �eld F . An example of a typicalimplicit surface and its constituent parts is shown inFigure 2.1. In this form, implicit surfaces were intro-duced into computer graphics by Blinn [7] as blobbymolecules, and by Nishimura et al. [49] as metaballs.Later, Wyvill et. al. described their soft objectsmodel[73].
r
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T

Figure 2.1: An implicit surface generated by twopoint sources at isopotential value T .The constituent �eld functions fi of equation (2.2)are usually de�ned to be monotonically decreasing,with a negligible contribution beyond a certain dis-tance from the source. With appropriate �eld func-tion selection, the resulting isosurfaces provide smoothblending between sources as they are brought together.In animation, surfaces undergo 
uid variations, fol-lowing the changes in position of their constituents.

These features, combined with the ability to constructcomplex shapes that are di�cult for other modelingprimitives to describe, have made implicit surfaces apopular tool for many modeling tasks, particularlywhere the shapes to be modeled are from the naturalworld [7, 12, 13], or exhibit `soft' properties [73].The capabilities of any modeling system basedon equations (2.1) and (2.2) depend on the choicesof modeling primitives, denoted as �eld functions fi,and this choice is the essence of the model. As withmany modeling techniques in computer graphics, thefollowing dilemma exists: whether an object shouldbe represented by a large number of simple primi-tives, or by a smaller number of complex ones. Withrespect to the isosurface equation (2.1), many dif-ferent approaches have been described. The earliestmethods used only simple primitives, such as spheri-cal or ellipsoidal bumps, either Gaussian [7] or poly-nomial [50, 73]. More complex primitives used inthe context of implicit modeling have included super-quadrics [38, 78], generalized implicit cylinders [20]and convolution surfaces [12].These approaches have their advantages and dis-advantages with respect to designing and rendering.For designing purposes, it is desirable to have a widerange of �eld functions fi representing commonly usedshapes. For rendering purposes, these functions shouldbe easy to evaluate in order to locate the isosur-faces e�ciently. Naturally, these constraints contra-dict each other.Models using simple primitives are well adaptedfor direct rendering methods such as ray-tracing orray-casting, because they yield a relatively simpleimplicit equation (2.1) that can be solved at run-time. However, modeling with point �eld sourceshas a number of serious disadvantages. Firstly, us-ing point sources makes the design of complex shapestedious. In addition, the use of point sources duringan interactive modeling session provides little indi-cation of how the �nal isosurface will appear whenrendered. Finally, point-based �eld functions havedi�culty describing circular structures well and canonly approximate 
at regions.7



De�nitions 8The use of more complex primitives can solve manyof the short-comings of point sources. Convolutionsurfaces, introduced by Bloomenthal and Shoemake[12] operate with modeling primitives of higher di-mensions. These primitives, represented by their �eldfunctions fi, are obtained by spatial convolution be-tween skeletal primitives (such as polygons or curves)and a Gaussian distribution function. Nice propertiesof convolution, such as superposition and compact-ness, make modeling with such functions very intu-itive. Convolution surfaces incorporate thesmooth blending power and easy manipu-lability of potential surfaces while expand-ing the skeletons from points to lines, poly-gons, planar curves and regions, and inprinciple, any geometric primitive.Bloomenthal and Shoemake [12].While the convolution surface technique is an ap-pealing method for modeling, it is di�cult to deter-mine an analytical solution of the �eld functions fi,for all but the simplest of primitives. In the origi-nal work[12] this problem was circumvented by usingprecomputed tables. Potentially, this may result inundersampling artifacts and may cause storage prob-lems when the number of primitives used in the modelis large.In this chapter a new method of creating convolu-tion surfaces is presented, based upon analytical so-lutions for an extended set of potential source primi-tives. A new potential function is described and a setof �eld functions is derived for the following widelyused primitives: points, line segments, polygons, arcsand planes. Analytical solutions o�er the advantagethat they provide an exact representation of the sur-face. Such accuracy can be important, for example,when dealing with primitives of widely varying scales.The resulting functions may be used both for poly-gonizing or direct rendering of the implicit surfacesformed by the combination of primitives.2.2. DEFINITIONSDe�nition 1 A convolution surface is the implicitsurface based upon a �eld function f(p), obtained as aspatial convolution of two scalar tri-variate functionsg(p) and h(p):f(p) = g(p) ? h(p) = ZR3 g(r)h(p� r) dr (2.3)

The geometry function g(p) gives the spatial dis-tribution of potential sources. The potential func-tion h(p) describes the decay of a potential producedby a single point source. Convolved together, theyproduce the potential distribution generated by allsources in 3D space. Although convolution is a com-mutative operation, for our purposes we say that the�eld function f(r) is obtained by convolving a geom-etry function g(r) with a potential function h(r), alsocalled a convolution kernel.De�nition 2 A convolution kernel h(p) is a tri-variatefunction h(p) : R3 ! R (2.4)that describes the scalar �eld generated by a singlepoint source.Figure 2.2 gives an a example of one-dimensionalconvolution with a typical bell-shaped kernel func-tion.
xxx

function g(x)
  Convolution
F(x) = g(x) * h(x)

    Kernel
function h(x)

  Geometry

Figure 2.2: One-dimensional convolution.The general convolution equation (2.3) makes noassumptions about the properties of the geometryfunction g(p). To evaluate the integral in practice,we restrict our attention to continuous bounded func-tions g(p) that can be associated with some solidprimitive P :g(p) = � 1 p 2 P ;0 everywhere else; (2.5)For a point modeling primitive, g(p) is a delta-function and the integration (2.3) yields the convo-lution kernel itself, that is, f(p) = h(p). For non-point primitives, the convolution integral (2.3) mustbe evaluated over the volume V of the primitive:f(p) = ZV h(p� r) dr (2.6)Formula (2.6) describes a generic �eld function whichis a component of a modeling equation for a convolu-tion surface. For practical reasons, we will also referto it as an implicit primitive.De�nition 3 An implicit primitive f(p) is completelyde�ned by its geometry function (2.5), kernel func-tion (2.4) and the convolution integral (2.3)
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T

r

Field Function F(r)

Figure 2.3: A convolution surface, produced byan implicit line segment, rendered in isolation.When used with the modeling equation (2.1), animplicit primitive f(p) generates an isosurface, asshown in Figure 2.3.One can easily envisage an implicit primitive asif its potential distribution function h(p) has been`spread' along the volume of the primitive (see Fig-ures 2.2 and 2.3). Each type of modeling primitivehas its own unique geometry (point, line, triangleetc.), and, therefore, yields its own unique �eld func-tion fi that can be used in isosurface equations (2.1)and (2.2).In what follows, the terms `implicit primitives',`�eld functions' and `modeling functions' are used in-terchangeably. They all refer to an object, given byde�nition (3). Similarly, the words `potential func-tion', `kernel function' or just `kernel' are used to de-note the convolution kernel as given by de�nition (2).2.3. KERNELS AND PRIMITIVESThe formulation of a convolution surface, as given inde�nition (1), depends on the primitive's geometryg(r) and the convolution kernel h(r). The selectionof both components is very important and may in-
uence the e�ectiveness of the resulting formulationdramatically.A usable kernel should have the properties thatit is continuous, monotonic, diminishes to a negligi-ble contribution beyond a certain distance from thecenter, and exhibits zero or near zero gradient at thisdistance. In other words, the kernel should be repre-sented by a bell-shaped function, similar to a Gaus-sian distributionh(r) = b exp(�a r2)which is shown in Figure 2.4. Parameters b and acontrol the height and the width of the distributionand are set to 1 in this example; r denotes a Euclideandistance to a point of interest (x; y; z), i.e., r2 = x2+y2 + z2. This notation will be used further in thissection, unless speci�ed otherwise.Kernels that resemble the Gaussian distributionare in abundance (see references [5, 78] and Appendix A).
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Figure 2.4: A Gaussian function.However, few of them may be convolved analyticallywith anything more complex that a point modelingprimitive. In fact, at the time this work was under-taken, no convolution kernel has been described thatyields a closed-form solution of the integral (2.6) forany modeling primitive but a line segment.2.3.1. A new kernel functionWe propose a new convolution kernel that allows di-rect analytical solutions of convolution integral (2.6)for a wide family of modeling primitives. The ker-nel exhibits all the desirable properties for creatingsmooth surfaces. With this kernel we are able to cal-culate the exact amount of �eld generated by prim-itives at an arbitrary point without sacri�cing accu-racy nor speed. The kernel is:h(r) = 1(1 + s2r2)2 ; (2.7)where r is the distance from the point and coe�cient scontrols the width of the kernel. The kernel is plottedin Figure 2.5.This function has not been named properly yet.It is reminiscent of a function used in an exampleby Runge, which is of the form 1=(1 + r2). Rungeused this function to demonstrate an oscillatory be-havior of the Lagrangian polynomial interpolants, asdescribed in many texts on numerical methods (see,for example [17]). Alternatively, the new kernel (2.7)may also be called a quasi-Cauchy function, becauseit resembles a Cauchy or Lorentzian distribution, whichis 1� 11+r2 . For better readability, we will address ker-nel (2.7) as Cauchy function, keeping in mind that it
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Figure 2.5: A new kernel function.
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Figure 2.6: A Gaussian (dotted) and the newkernel (solid). Here s = 0:85.

is in fact a squared Cauchy function 1.The question to ask is: what makes the kernel (2.7)better than the multitude of other similar functions,which may look simpler and seemingly more suitablefor modeling purposes? In the following sections, wewill provide answers to these questions. We will in-troduce a pool of alternative kernels that have gainedwide recognition in the �eld of implicit modeling andcompare them with the newly introduced kernel (2.7).2.3.2. The seven kernelsThe following seven potential functions meet all therequirements for implicit modeling: they are smooth,monotonic and bounded. Their plots are given inAppendix A.� Cauchy functionh(r) = 1=(1 + s2r2)2; r > 0 (2.8)The newly introduced Cauchy function headsthe list of possible convolution kernels for al-phabetical reasons.� Gaussian functionh(r) = exp(�a2r2); r > 0 (2.9)This function was �rst used for the purposes ofimplicit modeling by Blinn in his blobby model[7]. Also, it was used by Bloomenthal and Shoe-make as a convolution kernel in the original pa-per on convolution surfaces [12] and later in [13].� Inverse functionh(r) = 1=r; r > 0 (2.10)Although this function has a singular point atr = 0, it still can be used as a potential function.To avoid the division error, the function mustbe clipped by 1=� for all arguments 0 < r < �.The value of � must be chosen small enough sothat 1=�� T (see equation (2.1)). This will en-sure that creases will not occur on the isosurfaceformed at threshold T . This modeling functionwas reported to be successfully used in implicitmodeling by Wyvill and van Overveld in [80].� Inverse squared functionh(r) = 1=r2; r > 0 (2.11)The same as above, squared. This function alsoneeds clipping as prescribed for the inverse ker-nel function 1=r to ensure that a division over-
ow does not occur.1A reader might be wondering why a squared Cauchy func-tion is better than Cauchy function. The reason is that al-though a Cauchy distribution has a suitable shape for a low-pass �lter, it does not yield closed form solutions of the convo-lution integral. The squared Cauchy function does.



Kernels and primitives 11� Metaballsh(r) = 24 1� 3r2 0 � r � 13 ;32 (1� r)2 13 < r � 1;0 r > 1; (2.12)Metaballs are composed of three pieces of quadraticpolynomials. They were introduced by Nishi-mura et. al. in [50].� Soft objectsh(r) = � 1� ( 49 )r6 + ( 179 )r4 � ( 229 )r2; r < 1;0 r > 1; (2.13)This functions is derived from a piecewise Her-mite cubic interpolation over the region of in
u-ence of a point potential. Introduced by Wyvillet. al. in [73].� W-shaped quartic polynomialh(r) = (1� r2)2; r < 1 (2.14)This function is used for modeling blobby ob-jects in many public domain ray-tracing pro-grams, e.g. [56, 58]. The in�nite wings of thisquartic polynomial are clipped at the unit dis-tance from the center.As Appendix A indicates, all polynomial kernels(metaballs, soft objects, quartics) have very similarshapes. Since the quartic function is the simplestamong them, we have chosen it for further analysis,assuming that the conclusions will be valid for otherpolynomial kernels as well.2.3.3. Primitives/kernels compatibility chartApplied to the main convolution integral (2.6) thekernels h listed above, performed with di�erent de-grees of success for di�erent types of geometry func-tions g. Closed-form solutions were obtained for �vetypes of primitives: point (trivial), line segment, plane,arc and triangle. There have been several attemptsmade to perform analytical convolution with a cubiccurve, which is a very attractive primitive for pur-poses of implicit modeling. Unfortunately, none ofthe kernels produced closed-form solutions for thisprimitive. The di�culties with cubic curves arisefrom the necessity of using variable arc lengths un-der the convolution integral. This additional factorensures that each point on a curve contributes a cor-rect amount of �eld into the resulting integral. Linesegments and arcs may be naturally parameterizedby their length, thus reducing this scaling factor to1. For cubic curves, variable arc length can not beeliminated easily which makes the integration very

di�cult, if at all possible 2. The results of the inte-gration are summarized in Table 2.1.Kernel Modeling primitivespoint line plane arc triangleCauchy � � � � �Gaussian � � � � �Inverse � � 1 ellip �Squared � � 1 � �Polynomial � � � � �Table 2.1: Primitives/kernels compatibilitychart: (�) closed-form solution found; (�) noclosed-form solution found; (1) integral yieldsin�nite value; (ellip ) a solution is expressed viaelliptic integrals;At a glance, the Gaussian kernel produced threeimplicit primitives and stopped after planes. This isthe smallest number of closed-form solutions.Inverse and inverse squared kernels yielded so-lutions for various primitives. Solutions for planes,however, did not converge and the solution for arcs isexpressed via elliptical integrals of the �rst kind. Forall practical purposes, this result may be dismissedas prohibitively expensive to compute, as it is notexpressed via elementary functions.The polynomial kernel produced solutions for 4modeling primitives; unfortunately, a strategically im-portant triangular primitive is not one of them.Finally, the remaining Cauchy kernel covered thewhole set of geometric primitives, demonstrating thebest modeling 
exibility among all the kernels com-pared.2.3.4. Computational costsBesides the issues of compatibility between kernelsand primitives, there is another important character-istic that may in some cases help choose the rightkernel. This characteristic is computational cost.Often, a modeling system that employs implicitsurfaces, is not designed with the intention of go-ing beyond linear primitives. (For example, the com-puter graphics production company Paci�c Data Im-ages has chosen to use only two implicit primitives,corresponding to a sphere and a tapered cylinder.More on practices of modeling with implicit surfaces2In most cases, the actual integration was carried out withthe aid of the symbolic-computation package Mathematica3.0 [72], which appeared to be very useful for that purpose. Itshould be mentioned that the previous versions of Mathemat-ica (2.2 and 2.0) are not capable of performing the integrationfor all cases | version 3.0 or higher must be used.



Kernels and primitives 12at PDI may be found in [3].) In order to make implicitpoints and line segments, as Table 2.1 demonstrates,all �ve kernels may be employed. Computational costanalysis is needed to choose the most e�ective imple-mentation.Table 2.2 presents the computational complexityof all �ve kernels. The upper table describes the ker-nels themselves: the numbers of 
oating point op-erations and special function calls are taken directlyfrom the kernel's de�nitions, plus additional expensesto compute the squared distance r2 from an arbitrarypoint. The lower table describes �ve implicit lineprimitives, obtained via convolution integral (2.6).The resulting expressions are rather bulky. An in-terested reader may �nd them in Appendix B. Allof these functions de�ne density distributions in 3D-space that are somewhat similar to the example shownin Figure 2.3. Point primitivesKernel Floating point operations Special* / + - Total functionsCauchy 3 1 3 3 10Gaussian 3 2 3 8 1 expInverse 3 2 3 8 1 sqrtSquared 3 2 3 8Polynomial 4 2 4 10Line primitivesKernel Floating point operations Special* / + - Total functionsCauchy 29 6 11 13 53 2 atan 1 sqrtGaussian 11 5 11 27 1 exp 1 erfInverse 9 9 13 31 2 log 2 sqrtSquared 7 3 9 13 32 2 atan 3 sqrtPolynomial 33 3 14 22 72 1 sqrtTable 2.2: Computational costs for point andline primitives.As Table 2.2 demonstrates, it is not an easy taskto choose the fastest kernel function, judging solelyon the number of 
oating point operations. The useof special functions obscures the analysis and calls fora more practical method of comparison.In most cases, the computational costs of evaluat-ing non-algebraic functions are argument-dependent.The reason is the following: non-algebraic functionsinternally are computed via iterations. These iter-ations converge at di�erent rates, depending on thevalue of the argument passed. To simulate the `real-life' situation, a series of timing tests have been con-ducted for the point and line segment primitive func-tions. These functions have been evaluated over thebounding boxes of corresponding primitives, of di-mensions (6,6,6) for points and (6,16,6) for line seg-ments (see Appendix B for the layout of the bound-ing boxes and other relevant parameters for line seg-

ments). Each volume was organized into a uniformgrid of 1503 nodes, yielding over three million func-tion evaluations. The tests have been performed on aPentium processor running at 90 MHz and on a 150MHz Silicon Graphics machine. The running timesand relative speed ratings are given in Tables 2.3 and2.4. Point primitivesKernel Pentium SGI CombinedTime:Rating Time:Rating RatingGaussian 13.93 sec : 5 4.54 sec : 4 5Cauchy 7.19 sec : 3 4.51 sec : 3 3Inverse 10.32 sec : 4 5.40 sec : 5 4Squared 6.54 sec : 2 4.24 sec : 2 2Polynomial 5.32 sec : 1 3.45 sec : 1 1Line segment primitivesKernel Pentium SGI CombinedTime:Rating Time:Rating RatingGaussian 48.22 sec : 5 20.29 sec : 4 5Cauchy 40.79 sec : 4 23.35 sec : 5 4Inverse 29.54 sec : 3 14.52 sec : 2 2Squared 28.62 sec : 2 17.48 sec : 3 3Polynomial 15.14 sec : 1 8.80 sec : 1 1Table 2.3: Timing test results and speed ratingsfor points and line segments.Points and line segmentsKernel Prim Time Time OverallPentium SGI RatingGaussian point 5segmentCauchy point 4segmentInverse point 3segmentSquared point 2segmentPolynomial point 1segmentTable 2.4: Summary of the timing tests andspeed ratings for all kernel functions.As Tables 2.3 and 2.4 show, the polynomial ker-nel consistently produces the implicit point and linemodeling primitives that are the fastest to evaluateon both processors. This result con�rms that polyno-mial formulations of point-based modeling primitivesin implicit models, such as metaballs in Nishimuraet al. (1985) and soft objects in Wyvill et al. (1986),are generally considered as an improvement over the



Kernels and primitives 13original blobby model, introduced by Blinn (1982),which employed the Gaussian function.2.3.5. Problems with polynomial kernelsAs Table 2.4 shows, the polynomial kernel has thebest speed rating among other kernels for point andline primitives. In addition, it has a �nite support(i.e., it is de�ned over a limited range of distances)which yields e�ective bounding volumes for the re-sulting modeling primitive. Finally, the polynomialkernel demonstrated a reasonably good compatibilitywith a a variety of modeling primitives. Why not usepolynomial kernels, then?This is an important questions and we'll spendsome time on it. First, consider a simple example of�nding the �eld function of a line segment using themain convolution integral (2.6) 3 and some generickernel h(p):fline(p) = ZVline h(p� v) dv (2.15)Here Vline is the volume of the primitive, in this case,the length of the line segment L. Introducing x as adistance along the line segment and keeping in mindthat most of the kernels (2.8 { 2.14) are de�ned viathe squared distance to the point, re-write (2.15) asfline(p) = Z L0 h(r2(p; x)) dx: (2.16)As usual, r(x) is the distance from a point of interestp to a point on the line segment x. Without the lossof generality, let us restrict our attention to pointsthat belong to the line segment, which allows us to re-write the convolution integral as a function of a one-dimensional argument in the local coordinate systemof the line segment 4:fline(x) = Z L0 h((x� t)2) dt; 0 < x < L; (2.17)where x denotes a point on a line segment (see Fig-ure 2.7). Now, we can try to plug various kernels intointegral (2.17).It is easy to see that for convolution with kernelsof in�nite support (2.8 { 2.11), we can integrate along3It should be clearly stated that integration here is analyt-ical, not numerical. Numerical integration can easily be per-formed by scattering sample points along a primitive.4This simpli�ed integration is used for illustrative purposesonly. The real �eld functions for line segments are de�nedover 3D space in the world coordinates. They are presentedin Section \Development of Implicit Primitives" and also inAppendix B).
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h(x)

l1 l2

x1x0
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h(x)

L

LFigure 2.7: Convolving a line segment withCauchy kernel (top) and polynomial kernel (bot-tom).the whole length of the segment L, for any point x0(see Figure 2.7, top). In this case, all points x1, lyingon the segment, will contribute the correct amountof their potential at the point of interest x0. Thus,integral (2.17) may be calculated from 0 to L for allpoints x0.For polynomial kernels (2.12 { 2.14), the situa-tion is very di�erent. Consider the same point x0(Figure 2.7, bottom). The contribution from pointx0, positioned farther than the half of the kernel'swidth jl2 � l1j, is grossly incorrect. To cut o� the in-�nite wings of polynomial kernels, these kernels mustbe windowed, i.e., the appropriate interval of inte-gration must be obtained, as pictured in Figure 2.8.The size of this interval I = [l1; l2] depends on themutual position of the line segment and point of in-terest x0. Once the values for l1 and l2 are obtained,integral (2.17) can be evaluated:fline(x) = Z l2l1 h((x� t)2) dt; 0 < x < L; (2.18)The result of this integration may be found in Ap-pendix B.
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����
�����
�����

���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������

���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������I II

l1 l2

Figure 2.8: Finding integration domain for linesegments: three cases of line/sphere intersec-tions.Thus, �nding the proper integration boundariesintroduces additional costs for using polynomial ker-nels. For line segments, these costs involve intersect-ing a line segment with a sphere | a region where



Development of implicit primitives 14the kernel is de�ned. This operation requires solvingone quadratic equation, which is easy to do.For triangles, this task is much more di�cult. Clip-ping a triangle against a sphere yields a variety of pos-sible con�gurations. They are pictured in Figure 2.9.
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�����Figure 2.9: Finding integration domain for triangles.In each particular case, the area of intersectionbetween the sphere and the triangle de�nes the planarintegration domain S:ftriangle(p) = ZS(p;x;y) h(r2(p; x; y)) dx dy: (2.19)integrating in the triangle's plane inside region S. Inthe general case, this task is not suitable for analyti-cal solution. The only easy way to compute the con-volution between a triangle and a polynomial kernel(or any other kernel with a �nite support) is to en-sure that the kernel is always de�ned over the area ofthe whole primitive (Figure 2.9, center). This may beachieved by using small triangles or widening the ker-nel. In both cases, however, triangles would appearmore like point primitives and will lose their geomet-ric identity and modeling value, as their size decreaseswith respect to the kernel's width.To conclude: because of the �nite do-main size, polynomial kernels are inher-ently ill-suited for �nding analytical so-lutions of the convolution integral (2.6),unless the characteristic size of the prim-itive is much smaller than the width of thekernel.2.3.6. A short summaryIn this section, we have compared a number of kernelfunctions. We examined their suitability for usingwith the convolution surface model, paying specialattention to� existence of an analytical solutions to a convo-lution integral (Table 2.1);

� computational complexity (Table 2.4).As we have demonstrated, choosing the right con-volution kernel is a delicate task that should be ap-proached carefully. Before making that choice, onemust decide which modeling primitives have to be`implicitized' with the convolution integral (2.6).Sometimes, only the simplest modeling primitivesare required, e.g. points and line segments. In suchcases, a wide family of kernels may be considered forpractical implementation. The speed ratings, givenin Tables (2.3, 2.4) may serve as a good criterion forchoosing the best kernel.Another possible selection criterion is the estheticappeal of the resulting shapes. Each kernel has itsunique `signature' which shows in the way the surfacecomponents blend together. For instance, the imageof a coral tree shown later in this chapter, is producedwith a Cauchy kernel. The same coral tree appearsin Chapter 4, this time convolved with a Gaussiankernel function. Although the skeletons of both coraltrees are identical, di�erent convolution kernels resultin slightly di�erent looking shapes. The di�erencemay be especially noticeable between kernels with �-nite and in�nite support. To illustrate, consider im-ages of blobs, produced with a Gaussian kernel (Fig-ure 1.1) and a polynomial kernel (Figure 2.1). Somepeople may argue that exponential blends look more`organic' and polynomial blends are more `mechani-cal'. This is a matter of personal choice.For a wider variety of modeling prim-itives, the �rst priority should be given tokernels which can be convolved with theseprimitives analytically. Thus, we have cho-sen the Cauchy kernel that demonstratedthe best computability among other ker-nels and primitives.2.4. DEVELOPMENTOF IMPLICIT PRIM-ITIVESUsing the new convolution kernel (2.7) shown in Fig-ure (2.5), the �eld functions for a number of primi-tives can be derived. These primitives are� point sources� line segments� arcs� triangles� planesOther primitives, e.g. circles and polygons, may bebuilt by combining, respectively, arcs and triangles.In the following section, development of �eld func-tions for each primitive is given in detail.



Development of implicit primitives 152.4.1. Point sourcesA point is a 0-dimensional object, so its geometryfunction is a simple delta-function at point p (seeFigure 2.10). Integration (2.6) yields the kernel func-tion, projected into 3D-space as:Fpoint(r) = 1(1 + s2jp� rj2)2 (2.20)
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xFigure 2.10: Point modeling primitive: geome-try (top-left); an intensity plot of Fpoint over theZ = 0 plane (right); a rendered version of an iso-lated primitive (in red) and it's correspondingisosurface (transparent surface).2.4.2. Line segmentsA line segment of length l is de�ned as:p(t) = b+ ta; 0 � t � l;where b is the base vector, a is the normalized axis.The squared distance between an arbitrary point rand a point on the line segment isr2(t) = d2 + t2 � 2tda;where d = jjdjj is the magnitude of a vector from thesegment base to r: d = r�b. To obtain the �eld func-tion, r2 is substituted into the general formula (2.6)and integrate:Fline(r) == Z l0 dt(1 + s2r2(t))2 == x2p2(p2 + s2x2) + l� x2p2q2 ++ 12sp3 (atan[sxp ] + atan[s(l � x)p ]); (2.21)where x = da and p and q are distance terms:p2 = 1 + s2(d2 � x2);q2 = 1 + s2(d2 + l2 � 2lx)
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Figure 2.11: Line modeling primitive.2.4.3. ArcsAn arc and its distance function r2 are convenientlyde�ned in the arc's local z-aligned coordinate systemas: p(t) = (rcos(t); rsin(t); 0); 0 � t � �;r2(t) = (x � rcos(t))2 + (y � rsin(t))2 + z2;where r is the radius of the circle the arc lies on,� is the arc angle (Figure 2.12, top-left). Integratingalong the angle, the �eld function in local coordinatesis obtained:Farc(x; y; z) == Z �0 dt(1 + s2r2(t))2 == byxp2(kx� b) + k(x2 + y2)sin(�)� byxp2(k(xcos(�) + ysin(�)) � b) ++2bp3 (atanh[kyp ] + atanh[ (kx+ b)tan( �2 )� kyp ]);(2.22)where k = 2rs2 and distance terms d, b and p are:d2 = x2 + y2 + z2;b = 1 + r2s2 + s2d2;p2 = �r4s4 + 2r2s2(s2(d2 � 2z2)� 1)� (1 + s2d2)2:
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x Figure 2.12: Arc modeling primitive.



Development of implicit primitives 162.4.4. TrianglesA triangular primitive requires integration in two di-mensions, which is slightly more complicated than forone-dimensional cases. First, a triangle is split alongthe longest edge into two right-angled triangles (Fig-ure 2.13).
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0Figure 2.13: Integration parameters.Next, the �eld function for the right half is obtained:Fright(x; y) = Z h�hxa2y=0 Z a2x=0 dxdy(1 + s2r2(x; y))2and Fleft is derived from Fright by replacing x by �xand a2 by a1. Finally, Fleft and Fright are addedtogether.For an arbitrarily positioned triangle (Figure 2.14,top-left), the following parameters are de�ned: a pointb, the projection onto the longest edge of the oppositevertex; vectors u and v that form the local surface co-ordinate system, with b as its origin and u alignedin the direction of the longest edge. h is the distancefrom b to the apex of the triangle. Introducing thevector d = r�b and scalars u = du and v = dv, the�nal �eld function is:Ftriangle(r) == 12qs ( nA (atan[vh+ a1(a1 + u)A ] + atan[gh+ a1u�A ]) ++mB (atan[vh+ a2(a2 � u)�B ] + atan[gh� a2uB ]) ++ vC (atan[a1 + uC ] + atan[a2 � uC ])); (2.23)A2 = a21w + h2(q + u2)� 2a1hug;B2 = a22w + h2(q + u2) + 2a2hug;C2 = 1=s2 + d2 � u2;g = v � h;q = C2 � v2;w = C2 � 2vh+ h2;m = a2g + uh;n = uh� a1gGeometrically, the �eld function (2.23) is a sumof three 3D step-functions, one for each edge of theunderlying triangle. They are pictured in Figure 2.15.These step-functions cancel each other at in�nity andform a positive triangular bump between the edges.

1a
2a

z

b

v
ur d

x

z

h

x

y

y

Ftriangle

Figure 2.14: Triangle modeling primitive.

Figure 2.15: Field of a triangle decomposed intothree step-functions.



Examples 172.4.5. PlanesThe �eld function of an unbounded plane primitive iscomputed as follows:Fplane(r) == ZS dS(1 + s2r2(t))2 == Z 10 2�t dt(1 + s2r2(t))2 = �s2(1 + s2d2) ;(2.24)where d2 is the distance between point r and the planeand dS is the area of an integration ring.In this section, �eld functions for �ve modelingprimitives are developed: points (2.20), lines (2.21),arcs (2.22), triangles (2.23) and planes (2.24). Somepractical examples of using these functions are givennext.2.5. EXAMPLESSeveral images have been computed to demonstratethe �eld functions developed in the previous section.All implicit primitives pictured in Figures 2.16 { 2.20form blends with each other; all conventional primi-tives form unions. These images are rendered with aray-tracing algorithm that will be described in Chap-ter 4.
A                                B                              C

D                               E                                FFigure 2.16: Family of convolved star�sh. Noticehow the colors of the tentacles are blended alongthe surface.The star�sh-like object in Figure 2.16 is modeledwith seven arcs. The top-left image (A) shows the un-derlying skeletal representation (union of seven arcs).Images (B { F) show the arcs convolved with kernelsof various widths and heights. Notice how the color ofthe tentacle is blended along the surface. Rendering

times are given in Table 2.5 (image size 426 x 512,antialiasing).Image Rendering time Ratio to AA 5 min 59 sec 1.00B 18 min 47 sec 3.14C 24 min 01 sec 4.01D 12 min 02 sec 2.00E 9 min 18 sec 1.55F 7 min 51 sec 1.31Table 2.5: Rendering convolved star�sh.As Table 2.5 indicates, image C in Figure 2.16 (avery \fat" star�sh) takes the longest time to render.The reason is as follows: this particular star�sh ismodeled with implicit arcs that have very large re-gions of in
uence (3D areas where their �eld is sig-ni�cant). Consider Figure 2.17, which presents time-pro�ling diagrams for all images A - F. Regions ofin
uence are clearly visible as light silhouettes. Therendering algorithm spent most time in these areasevaluating the �eld functions. The size of the regionsof in
uence is directly proportional to the width ofthe kernel and the maximal height of the kernel. Forexample, \skinny" star�shes E and F have relativelysmall regions, so they were rendered faster.
A                                B                              C

D                               E                                FFigure 2.17: Rendering the family of convolvedstar�sh Lighter areas correspond to longer ren-dering time, revealing regions of in
uence of allarcs (pieces of tori capped with spheres). Eachtime-map image is self-normalized from white toblack and gamma-enhanced.Another example of using implicit arcs is shownin Figure 2.18. The well-known sphere-
ake model ofEric Haines [31], has been enhanced by adding stems



Performance 18to each sphere5. The stems are modeled with implicitarcs, the spheres { with implicit Gaussian points. De-spite the fact that the convolution kernels are di�er-ent, the resulting surface is perfectly smooth, bothgeometrically and photometrically.

Figure 2.18: Modi�ed implicit sphere
akes:Gaussian point sources (tops) blend withCauchy arcs (stems).Figure 2.19 shows some well-known objects, thatuse arcs, line segments, triangles and planes as theirbuilding elements. Primitives of di�erent types blendtogether smoothly.

Figure 2.19: Blends between primitives of di�er-ent types: arcs + lines (left); triangle + triangle(right); arcs + lines + planes (bottom).The images of coral trees in Figure 2.20 illustratethe modeling power of convolution surfaces built with5The sphere-
ake model, grown to a full size of 7,381 com-ponents, will appear again in Chapter 4, where rendering issueswill be discussed.

Figure 2.20: Coral tree made of line segments,`explicit' and `implicit' versions.�eld functions developed in this chapter. The un-derlying model for both images is based upon a treemodel generator by Eric Haines [31]. Both trees con-sist of 31 branches, modeled with cylinders of variousradii, and 512 randomly positioned spikes, also cylin-drical.2.6. PERFORMANCEThe analytical solutions of the convolution integral(2.3), presented by �eld functions (2.20 { 2.24) arecomputationally more expensive than alternative pro-cedural approaches [12, 20, 60]. To compare, evalua-tion of the analytical �eld function (2.23) of a triangu-lar primitive requires 43 multiplications/divisions, 35additions/subtractions, 3 square roots and 6 arctans.The procedural method discussed in the original con-volution paper [12] uses a precomputed raster rep-resentation of a 2D convolution of a triangle, whichallows to evaluate its �eld function using 14 multipli-cations and 9 additions only.Some e�ciency gains can be made by using tab-ulated versions of arctan and square root functions.Timing tests, similar to those performed for the com-parative analysis of implicit points and lines, indi-cate the analytical method is approximately 5.4 timesslower than the equivalent procedural solution. How-ever, it is reasonable to expect that in a real render-ing or polygonizing environment the timing resultsshould be more favorable. The reason is for that isthat analytical functions (2.20 { 2.24) are de�ned inthe world coordinate system (except implicit arcs).Thus, there is no need to perform costly world-to-local coordinate system transformations that are typi-cal for evaluation of �eld functions of complex implicitmodeling primitives.



Conclusions 19Between themselves, the newly developed implicitprimitives demonstrated computational complexity ofwide range, as shown in Table 2.6.Prim Time ti ti/tpoint Bar chartPoint 3.18 sec 1.00Line 14.25 sec 4.48Arc 25.97 sec 8.17Triangle 45.66 sec 14.36Plane 3.26 sec 1.02Table 2.6: Timing tests for new modeling func-tions. The tests were conducted on a 90MHzPentium, 1253 evaluations for each primitive.These data give a good indication when the con-volution surface model becomes more e�ective com-putationally than a brute-force point-sampling tech-nique. For instance, in a general situation an implicitline primitive that is \longer-that-�ve-points", bene-�ts from convolution representation, both geometri-cally (no wave pattern) and computationally (it canbe evaluated faster).2.7. CONCLUSIONSWe have presented a consistent and mathematicallysound method of creating convolution surfaces basedupon exact evaluation of the �eld functions for a wideset of geometric primitives. Functions (2.20{2.24)provide means to calculate values of their �eld andthe gradient at an arbitrary point with an arbitraryprecision.Thus, we suggested a new formulation of the con-volution surface model, that contains no granularityin its de�nition. The new formulation does not re-quire volumetric computation and storage. We be-lieve it to be a most important contribution to theconvolution surface model.We argue that the set of primitives developed inthis chapter can be considered as a necessary mini-mal set of tools for modeling with convolution sur-faces. Indeed, points, lines and triangles are the es-sential building elements of dimensionality 0, 1 and 2,respectively. In general case, they cannot be approx-imated by any other data types without introducingundersampling artifacts. On the other hand, due tothe additive property of convolution, these primitivesmay be successfully used in creating more complexdata types for implicit modeling. For example, arcsmay be combined into circles, spirals and other 3Dcurves, triangles into polygons, segments into poly-lines etc.Convolution surfaces allow modeling possibilitiesthat would be di�cult to achieve using other geo-metric modeling techniques. The analytical solutions

for the convolution of higher order primitives as pre-sented above, extends the options for the modelingwith implicit surfaces, which will be discussed in thenext chapter.

We are all dreaming of a speech with-out words that utters the inexpressibleand gives form to the formless.{Hermann Hesse (1877-1962)\Steppenwolf"
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Chapter 3Modeling with Convolution Surfaces3.1. INTRODUCTIONConvolution surfaces were introduced to computergraphics by Bloomenthal and Shoemake [12] as a logi-cal generalization of the classic models of implicit sur-faces: blobby objects [7], metaballs [50], soft objects[73]. Being a superset of these models, convolutionsurfaces inherit their valuable properties, such as anability to form smooth blends and free-form shapes.At the same time, convolution surfaces demonstratemuch greater modeling 
exibility, allowing a designerto create objects using skeletal-based techniques withskeletal elements of various shapes and sizes.Such qualities make convolution surfaces particu-larly attractive for design of articulated objects, espe-cially of organic origin. However, the modeling prac-tices, developed over nearly two decades for `classicimplicits' [7, 50, 73] cannot be carried over to convo-lution surfaces `as is', without doing an injustice tothe convolution surface model. As a more versatileand more powerful tool, convolution surfaces need abetter `manual of operation' to fully reveal their po-tential.To date, practical examples of modeling with im-plicit surfaces in general, and convolution surfacesin particular, mainly exercise their blending abili-ties. Consequently, the majority of objects, designedwith implicit surfaces, demonstrate various branchingstructures, such as trees [8, 35], hands [13], paws [60],chromosomes [24]; or exhibit certain softness or 
uid-ity, either in animation or as perceived from staticimages. Examples are: human lips [30] and faces[45], molecular shapes [7], boiling liquids [74, 75] andrubbery-looking objects [77]. Few attempts have beenmade to employ implicit surfaces for modeling roughobjects. One of them is presented in [33].Starting from the previous work [42, 65], we showthat the modeling capabilities of convolution surfacesextend beyond traditional blends. We introduce a setof primitives and a number of techniques that allow usto sculpture objects, manipulating their shape at alllevels of detail, including �ne textures. We demon-

strate that convolution surfaces can be successfullyused to represent not only soft and pliable substances,but also objects that are hard and fragile. For thatreason, most examples show marine life forms { thereare plenty of creatures of all types. We also outlinea system architecture for interactive design with con-volution surfaces. The system allows objects to bemodi�ed at interactive rates, which helps the designto converge quickly to the �nal shape.3.2. DEFINITIONSThe following are the basic concepts and equationsused in modeling with implicit surfaces.3.2.1. Implicit surfacesAn implicit surface S is de�ned as an isosurface atlevel T in some scalar �eld F (p):S = fp 2 R3 j f(p)� T = 0g (3.1)An example of a typical early implicit surface is shownin Figure 2.1.3.2.2. Convolution surfacesA convolution surface is the implicit surface basedon a �eld function f(p), obtained via convolution ofsome kernel function h and a geometry function g:f(p) = g(p) ? h(p) = ZR3 g(r)h(p� r) dr (3.2)The geometry function g(p) de�nes the shape ofan object and its position in 3D space. The kernelfunction h(p) de�nes the distribution of some poten-tial that is produced by each point on the object.Convolved together, these two functions produce atri-variate scalar function f(p) that de�nes the con-volution surface.Figure 3.1 gives an example of convolution witha Gaussian-like kernel. Here the geometry functiong(p) describes a line segment aligned along the x-axis.21
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function h(x)
    Kernel

x

F(x) = g(x) * h(x)
  Convolution
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  Geometry

*
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Figure 3.1: Components of a convolution sur-face: geometry function g (top left), kernel func-tion h (top right), convolution �eld function f(center), convolution surface (bottom).3.2.3. Implicit primitivesIn the metaballs model of implicit surfaces [50], thepoint potential sources were introduced as \meta-primitives de�ned by their distribution function, thattogether form a meta-surface". With respect to con-volution surfaces, we say that the distribution func-tion (3.2) de�nes an implicit primitive with geometryg. Metaballs, as de�ned by Nishimura et. al. [50],are essentially meta-spheres (see Figure 2.1). Im-plicit primitives, produced via the convolution inte-gral (3.2), yield a variety of modeling shapes. For ex-ample, a line segment, convolved with a kernel func-tion, produces an elongated shape as shown in Fig-ure 3.1.Since most modeling primitives form closed com-pact sets (points, line segments, triangles, etc), theintegration (3.2) over 3D space may be convenientlyreplaced with integration over the volume V of themodeling primitive:f(p) = ZV h(p� r) dr (3.3)3.2.4. SkeletonsFor the purpose of this thesis, we use the followingde�nition of a skeleton. A skeleton is a collection ofgeometric primitives that outline the inner structureof an object being modeled. With respect to the con-volution surface model, a skeleton is a sum of geome-try functionsPNi=1 gi(p). Visually, such a skeleton isrepresented by a union of corresponding primitives.Convolved with a kernel function, the skeleton yieldsa �eld function f(p) and a convolution surface S.Other researches used slightly di�erent de�nitionsof skeletons [13, 24, 80]. In general, these de�nitions

are similar and imply that an object being modeledmay be regarded as composed of distinct components,as opposed to being totally formless. However, theprecedence of the skeleton and the shape of the objectmay be di�erent. In most data-�tting problems [24,45], skeletons are derived from data associated withthe object that has to be visualized. In contrary, forskeletal-based modeling environments [12, 13, 30], theshape of the object follows the skeleton.The concept of a skeletal design with convolu-tion surfaces was introduced to computer graphics byBloomenthal and Shoemake in [12]. They observedthat the additive property of convolution allows us tobuild complex skeletons out of simple primitives and,most important, allows us to evaluate them individu-ally. That makes convolution surfaces computation-ally practical.Bloomenthal [13] applied convolution surfaces togenerate smooth shapes, resembling various organicobjects. In what follows, we will use implicit primi-tives obtained via convolution technique, to producea wide variety of surfaces, including rough, pricklyand wrinkled surfaces.3.3. THE DESIGN SYSTEMIn this section, we present a set of tools and tech-niques for modeling with convolution surfaces.3.3.1. New modeling primitives as skeletal elementsIn principle, any geometric primitive may be used asa skeletal element for the convolution surface modelby means of the generic integral (3.2). In practice, thechoice of such primitives is often limited by technicaldi�culties of evaluating the convolution integral.As most implementations of the convolution sur-face model demonstrate [12, 13, 60], such computa-tions require point-sampling of the �eld in the modelspace and storage of intermediate results for rendering1.As for techniques that employ point-sampling, specialcare must be taken to ensure that small features ofthe object being modeled are not missed. This taskmay be especially di�cult for models that containprimitives of widely varying characteristic sizes.Closed-form solution for the convolution integral (3.2)provides such a care-free modeling environment. Based1Bloomenthal and Shoemake [12] described how to evaluatethe convolution integral (3.2) for polygons. They used a pre-computed raster representation of a 2D convolution of a poly-gon and then stored results as 2D images. Sealy and Wyvill[60] developed a method for computing the convolution inte-gral (3.2) for 3D objects. Their method involves replacing theactual integration with discrete sums over the model space. Toreduce the demands on memory, Sealy and Wyvill used octreesfor storage of their 3D data.



The design system 23on our prior results [42], also given in Chapter 2, wesuggest the following implicit primitives as skeletalelements for convolution surfaces:� points� line segments� arcs� triangles� planesAll these modeling primitives are presented as closed-form functions, that return the amount of �eld gen-erated by the primitive at an arbitrary point, calcu-lated to a machine-size 
oat precision. This makesit possible to visualize convolution surfaces using di-rect rendering algorithms, such as ray-tracing. Thus,neither preprocessing, nor intermediate storage arerequired to render the surface, which is particularlyconvenient for interactive design. Figure 3.2 showsthe implicit primitives, rendered as semi-transparentsurfaces with the underlying `bare' geometric primi-tives inside. The actual �eld functions are presentedin Chapter 2.
Figure 3.2: A set of implicit primitives: point,line segment, arc, triangle and plane. The planeprimitive is clipped and blended with a line seg-ment.Although most of these primitives have been usedfor implicit modeling before (points in [7, 45, 50, 73],line segments in [3, 8, 60], triangles in [13, 60]), theclosed form formulation of their �eld functions [42] isstill unexplored. These functions constitute the coreof our design system.With a multitude of modeling primitives available,the concept of a skeleton becomes especially life-like,because now a designer may think of skeletons as ifthey consist of solid `bones', each of unique shape andsize: point, line segments, curves, triangular pieces.In addition, arcs may be combined into circles andspirals, triangles { into polygons, line segments { intopolylines, etc. This allows a designer to work withthe object, creating and using those elements that �tbest for each particular part of the object. An ex-ample of such a multi-primitive skeleton is shown inFigure 3.3, depicting a model of a crab. Note thateven this simple sketch gives a good idea of what the

resulting shape of the crab is going to look like. Thecompleted model of the crab will appear later in sec-tion 3.5.

Figure 3.3: The skeleton of this coral crab iscomposed of 7 triangles, 24 arcs and 24 line seg-ments.3.3.2. Local properties of implicit primitivesAs de�ned by equation (3.3), a convolution surfaceis the product of a geometry function g and a ker-nel function h. A geometry function g = PNi=1 giforms a skeleton, which provides a global descriptionof the object: its general layout, location and the ba-sic shapes of its parts. To complete the descriptionof the object, the local properties of each element giof the skeleton must be speci�ed.Such properties may be conveniently described interms of the radius in isolation R and blobbiness B,as was suggested by Blinn [7]. A radius in isola-tion is a characteristic distance between a geomet-ric primitive and the implicit surface that it gener-ates. For non-point primitives, the actual distancemay vary along the surface. A blobbiness parametercontrols blending of the object's parts. Very blobbyobjects, when brought together, tend to form sphere-like shapes with very little or no distinguishable detailpreserved. Objects with low blobbiness look more liketheir skeletons. Figure 3.4 shows a series of convolu-tion surfaces created with various values of blobbinessand radius in isolation. Blinn used these two parame-ters to de�ne appearance of his point-based modelingprimitives. We extend them to all the modeling prim-itives pictured in Figure 3.2.The skeleton, radius in isolation and blobbinessof all skeletal elements completely de�ne an implicitsurface. The threshold T , used in the implicit sur-faces equation (3.1), may be conveniently set to somecanonical value, as described in [7].As an alternative to radius in isolation, an im-plicit primitive may be characterized by its region ofin
uence. A region of in
uence is the region in 3Dspace, where the �eld function f of the primitive has
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Figure 3.4: A T-shaped convolution surface,formed by two line segments. Increasing blobbi-ness (left to right) and radius in isolation (frombottom to top) allows us to achieve a variety offorms.non-zero values. A region of in
uence depends onthe geometry of the primitive and the properties ofthe kernel function. For example, with a sphericallysymmetric kernel, the region of in
uence for a pointprimitive is a sphere; for a line segment | a cylindercapped by two hemispheres, etc. Regions of in
uenceare normally used during rendering to prune out non-signi�cant contributions from distant primitives.An important property of regions of in
uence isthat implicit surfaces are always located inside theboundaries of these regions. Regardless of the valuesof blobbiness and radius in isolation, the convolutionsurface of the icicle in Figure 3.5 (middle and right),always covers its `bare' skeleton (solid lines) and is al-ways covered by the boundaries of the regions of in
u-ence of its components (dotted lines). This propertyis very valuable for estimating extents of convolutionsurfaces.Thus, the depth of the region of in
uence (or sim-ply depth of in
uence) may serve as a modeling pa-rameter, which is an alternative to radius in isolation.Figure 3.5 demonstrates the basic elements and pa-rameters of modeling with implicit surfaces.3.3.3. Materials and elementsHaving de�ned the properties of skeletal elements (whichare radius in isolation R and blobbiness B), we mustprovide a way to associate them with the skeletal el-ements. This may be done by� sharing these parameters among a large numberof elements;� assigning them to each skeletal element individ-ually.

RD

D R

Figure 3.5: Elements on an implicit icicle, fromleft to right: skeleton made of `bare' geometricprimitives (three segments and one point); theirimplicit surfaces, rendered as stand-alone ob-jects; the �nal convolution surface. In the mid-dle image, blending between implicit surfaces isdisabled to show the radius in isolation R anddepth of in
uence D better.Practice shows that both ways have their uses, sowe incorporated them both into our modeling system.3.3.3.1. MaterialsThe �rst approach is more convenient for modelingobjects that have large areas with the same prop-erties, because it allows employing the notion of amaterial. Normally, a description of a material in-cludes conventional photometric characteristics, de-pendent on a lighting model: di�use color, specularre
ectivity, transparency, etc. Such descriptions maybe easily enhanced by adding values of blobbinessand radius in isolation, which resemble softness andthickness of the material, respectively. This �ts wellwith the idea of skeletal design: now each `bone' inthe skeleton is covered with some `soft tissue', whichis shared between skeletal elements. As an exam-ple, consider the material of an implicit icicle in Fig-ure 3.5:material Ice {body SummerSky,ambient 1%,diffuse 1%,specular SummerSky, shine 30,transparent 40%, index 1.33,reflective 50%,radius 0.25, blobbiness -0.30}In this example, material Ice is de�ned as an almostcolorless, re
ective and transparent substance. Val-ues of radius and blobbiness dictate the geometricaspects of the convolution surface, that is based uponthe skeleton, de�ned as



The design system 25object ICICLEline Ice, <0 0 0>, <0 0 4.5>line Ice, <0 0.5 3.0>, <0 0.5 4.5>line Ice, <0 -0.5 1.5>, <0 -0.5 4.5>dot Ice, <0 0 -0.85>closeThe material-based description of convolution sur-faces has two advantages.Firstly, for design purposes, it is more convenientto think of skeletons and `soft tissues' as of sepa-rate entities, that can be modi�ed independently ofeach other. Keeping the material descriptions sepa-rate from the skeleton often allows materials of theobjects to be changed interactively. This helps manysurfaces parameters, both photometric and geomet-ric, to be adjusted without reloading the model intomemory for rendering.Secondly, the local properties of the skeleton arenot duplicated for each skeletal element, but are sharedvia description of a material. (Note the simplicityof syntax for dot and line modeling primitives inthe example above.) This arrangement is memory-friendly, which may be important when the numberof skeletal elements in the model is large.3.3.3.2. Individual elementsThe individual assignment of parameters R and Bis needed when the model requires each primitive tobe strictly di�erent from its neighbors. Such modelsoften come from procedural methods, especially insimulation of growth [31, 55]. For example, considera sequence of spheres, pictured in Figure 3.6, that ischaracteristic for solid-based models of seashells [55].In the domain of implicit modeling, each sphere de-picts a region of in
uence of a point primitive, so thewhole object must be described asobject SHELLsphere Plaster, r1, x1 y1 z1sphere Plaster, r2, x2 y2 z2...closeHere r1; r2; :::; ri denote the depth of in
uence ofeach point, triples (x; y; z) give locations of their cen-ters. The value of blobbiness is stored in the speci�-cations for the material Plaster, de�ned elsewhere,similarly as it was done for the material Ice. Allseashell models that will be discussed further are mod-eled by setting individual depths of in
uence for eachelement in their models.3.3.4. Pro�ling as a means for achieving varietyFigure 3.2 shows the basic primitives in their canon-ical, undeformed shapes, which may not be the best
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on axis, xFigure 3.7: Line segments with modi�ed �eldfunctions: constant (A), linear (B), hat (C),sin2(x�) (D).As shown in Figure 3.7, an undeformed line seg-ment (A) easily assumes various shapes (B, C, D),following the pro�ling functions. Pro�ling functionsscale the values of the �eld, causing changes in theresulting implicit surface. Since line segments areaxially symmetric, each pro�ling function, picturedin Figure 3.7, de�nes a surface of revolution aroundthe axis. Pro�ling technique scales the value of a�eld function, not the �nal iso-surface. In terms ofthe modeling equation (2.2) pro�ling functions mod-ify values of each constituent fi. For example, the�eld function of a line segment shown in Figure 3.7 isFmodified(x; y; z) = Fline(x; y; z) sin2(x)where Fline(x; y; z) may be any of the functions givenin Appendix B.To continue a parallel with skeletons, pro�lingfunctions provide a mechanism for simulating changesin thickness and/or softness of the tissues along thebones, e.g., line segments. There are in�nitely manyways to modify the �eld function of an implicit prim-itive. Pro�ling functions are used with nearly all ex-amples of modeling with convolution surfaces.



The main modeling loop 263.3.5. O�set surfaces as visual aid and the data struc-turesAs Figure 3.2 shows, the stand-alone implicit prim-itives based upon points, line segments, arcs, trian-gles and planes may be su�ciently approximated byan o�set surface [12, 15], based upon the same prim-itives. They are, respectively: spheres, cylinders, arctubes, prisms and in�nite slabs. The extrusion dis-tance may be set to radius in isolation R or depth ofin
uence D (see Figure 3.5, middle), according to thecurrent modeling situation.Such similarity suggests a convenient modelingstrategy: �rst an object is approximated by an o�-set surface and then re�ned as a convolution surface.The important feature of this approach is that mostof the hard modeling work, related to building theskeleton, may be done with easy-to-render o�set sur-faces. To support this similarity, we use the samesyntax and internal data structures both for implicitprimitives and their o�set counterparts. For instance,the command linesphere Plaster, r0, 0 0 0creates an object in memory which may appear asan ordinary sphere, with radius r0, made of Plasterand positioned at the origin. Also, this object mayappear as an implicit point with a radius in isolationr0. As described above, its blobbiness is stored in thedescription of the material Plaster.Cylinders, arcs, triangles and planes also have re-usable syntax and data structures. When the set ofprimitives is loaded into memory, it is ready for ren-dering in either mode: as an o�set surface and as aconvolution surface. In the former case, the implicitnature of all the modeling primitives is ignored andthey are rendered as a union of o�set surfaces. In thelatter case, the primitives are treated as �eld func-tions fi(p) that form the composite scalar �eld of aconvolution surface. To switch between two renderingmodes, a simple on/o� 
ag is used; the model doesnot have to be reloaded into memory.Such duality of data structures has proven itselfvery useful. Computationally inexpensive o�set draftsallow �ne tuning of models at interactive rates. Sinceray-tracing is used as a rendering method, all cam-era settings, lights and photometric properties of theobjects are also adjusted in the draft mode as well.3.3.6. VariablesFor better interactivity in our design environment,the following data types are allowed to be de�ned asvariables:

� scalars� vectors� colors� textures� materialsVariables may be created and modi�ed `on the 
y'during design session; they also may be assigned toeach other, observing type conversion. With the useof variables, it is possible to modify practically all ele-ments of the model, while it is still in computer mem-ory. They include: positions and shapes of all skele-tal elements, blobbiness and thickness, all photomet-ric characteristics. In addition, variables may be de-clared as auto-incremental and/or auto-multipliable,which helps specifying objects' motion in animations.3.4. THE MAIN MODELING LOOP3.4.1. DatasetsIn the previous section, we mentioned elements ofwhat we call a dataset, which is a complete collec-tion of parameters that de�nes a particular geometricmodel. Every dataset contains descriptions of all ma-terials and skeletal elements that together form a con-volution surface. In addition, a dataset describes allmodi�cations of local properties of skeletal elementsthat are needed in order to add a desired shape tothe �nal surface. Thus, a dataset may be consideredas a program in some highly specialized language fordescribing convolution surfaces. The complete vocab-ulary of this language and several complete datasetsare given in Appendix C.With respect to design and rendering, a datasetmay be regarded as an output of a design process andan input for a rendering program.3.4.2. The main modeling strategyWe use a method of progressive re�nement of thedataset as the modeling strategy. An initial datasetis acquired �rst, using some foreign geometric model,a program generator or a user's inspiration with apaper-and-pencil method. Then, the dataset under-goes a series of iterations, during which a designermodi�es existing elements of the dataset, adds newones and deletes those that fail to �t the model.The global data
ow chart of a typical design ses-sion is depicted in Figure 3.8. For this particularexample, the skeletal model was produced by a tree-growing program, based upon Eric Haines' implemen-tation [31] of Aono and Kunii's tree-generationmethod[2]. The rest of the dataset, full of question marks,has to be designed interactively.By applying various values of thickness to theskeletal elements, several drafts have been made, pic-tured as a stack of images on the right-hand side of
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Figure 3.8: The main modeling loop.

the chart. Since o�set surfaces, used for the drafts,are easy to render, the process may be easily re-iterated as many times as needed to �nd the perfectvalues for thickness of all branches.At this point, the designer may switch to usingconvolution surfaces and try di�erent values of blob-biness. After several attempts, the desired shape isfound { the dataset is now complete and the processterminates 2.Note that this modeling strategy is a winning strat-egy by construction: the process terminates when thedesigner is satis�ed with the result. Visual controlover the quality of the current state of the modelguarantees that the design process moves in the rightdirection. Backup copies of the dataset help to �xirreparable changes.The modeling process bears certain resemblanceto the hill-climbing programming archetype: the pro-cess enters the loop at some point and then movestowards the solution, iterating on the current state ofthe task.3.5. PRACTICAL EXAMPLES OF IMPLICITDESIGNIn this section, a number of practical modeling ex-amples are discussed. They are grouped by methodsthat have been used for their design. With respect tothe main modeling loop, pictured in Figure 3.8, thesemethods are roughly divided into those that deal withthe skeletons (right-hand side of the chart) and meth-ods that re�ne the local properties of the convolvedsurfaces (left-hand side).3.5.1. Global skeleton manipulationsThe modeling system allows, in principle, us to builda new skeleton from scratch interactively. However,it is more convenient to prepare an initial skeleton,using one of the methods listed below.3.5.1.1. Procedural methodsTwo skeletons have been produced using purely pro-cedural methods: the 
at spiral shell in Figure 3.9 andthe seaweed in Figure 3.13. Both are generated usingmodi�ed utilities shell and tree, respectively, fromStandard Procedural Database by Eric Haines [31].Their skeletons are fairly simple. The tree-skeletonwas also used in the model of a coral tree, shown inFigure 3.14. Additional 512 spikes were added to themodel procedurally, using random placement.2Or, the designer may also try to enhance the resultingshape by applying di�erent pro�ling functions. The result ofsuch experiments are shown in Figure 3.13.



Practical examples of implicit design 283.5.1.2. Hand-craftingA skeleton of a seahorse in Figure 3.15 is 100% hand-crafted. The initial paper-and-pencil drawing wascreated �rst. Then it was duplicated with the x�gdrawing tool (Figure 3.15, left), which produced thecoordinates of the skeletal elements, in this case, arcs.In most cases, the joints between the arcs in the linedrawing are C1 and C2 continuous; the cracks in theo�set surface (Figure 3.15, middle) are introduced in-tentionally to show the skeletal elements better. The�nal convolved surface (Figure 3.15, right) seals thesecracks. Note, that the thickness of each skeletal ele-ment is set individually. The central arc in the bodyof the seahorse is made especially thick. The result-ing in
ation �lls the empty space inside the body and,perhaps, indicates the presence of internal organs.3.5.1.3. Mixed methodsProcedurally generated models may be signi�cantlyimproved by manual editing. For instance, the ovalseashell, pictured in Figure 3.10, is derived from theprevious 
at sphere-based model (Figure 3.9) by asimple addition of one point, which was then con-nected with all points in the initial dataset. Thus, allspheres become cylinders with a common base. Bymoving this common base, the shape of a new shellmay be controlled easily. This is similar to rubber-band techniques with the wire-frame representationof solid object. Using a vector variable for holdingcoordinates of the common base point makes suchmanipulations especially convenient.The skeleton of the next shell was also createdprocedurally and then updated manually. This time,two skeletons were created as described above. Thenthey were superimposed to produce a combined skele-ton for a spiked shell, shown in Figure 3.11.While manual intervention often improves proce-dural skeletons, the reciprocal is also true: hand-crafted skeletons can be made much more interestingand visually appealing with the help of special pur-pose program generators. Examples of such skeletonsare: a spindle cowrie shell (Figure 3.12) and coralcrab (Figure 3.16). Both skeletons were hand-copiedfrom the actual photographs [46], using x�g drawingtool. Then, small details were added procedurally.Usually, skeletons of mixed origin yield the mostinteresting shapes.3.5.1.4. Imported modelsTwo fully imported polygonal models of Yoda andNefertiti are shown in Figure 3.19 and Figure 3.18,respectively. These models have been used as polyg-onal skeletons for the convolution surfaces without

Figure 3.9: Shell I. The point-based o�set sur-face (left) and the convolved surface (right) arevery similar. This dataset served as a base modelfor Shell II and Shell III. 361 elements.

Figure 3.10: Shell II. The o�set surface of thismollusk is pictured as a union of simple cylinders(instead of sphere-capped cylinders) to empha-size the spiral structure better. 42 elements.

Figure 3.11: Shell III. Superposition of twoskeletons: the orange base (55 segments) blendswith the spiral row of red horns (15 segments)yielding a smooth convolved shape of a newseashell. Both skeletons are made procedurally.
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Figure 3.12: This very simple model of SpindleCowrie is based on a croissant-like combinationof 3 arcs. Additional 100 cylinders make thesurface look more interesting.

Figure 3.13: Seaweed. The o�set surface is madeof cones and spheres. The conical shapes of thetree branches suggested applying pro�ling func-tions in the convolution surface.

Figure 3.14: Coral trees. Note that the baseskeleton (31 cylindrical branches) is identical tothe seaweed model. Additional 512 cylindricalspikes of various lengths are scattered along thesurface randomly.

Figure 3.15: Seahorse. The hand drawing (left),the o�set surface (middle) and the convolutionsurface (right). Note how the wrinkles in theback and the tail indicate softness of the skin.Total number of elements 45 (43 arcs and 2spheres).

Figure 3.16: Coral crab. The simpli�ed draftsurface consists of 7 polygons (body), 26 arcs(claws, eye sockets), 28 cylinders (legs, claws)and 2 spheres (eyes). The convolved version hasadditional 608 spikes, scattered along the sur-face.



Practical examples of implicit design 30any modi�cation done to their initial meshes. Theorigin of both models is unclear.3.5.2. Local modeling techniquesAfter the global skeleton is complete, a designer mayswitch to more subtle modeling techniques and re�nethe model to their taste. With respect to the model-ing loop (Figure 3.8), these operations happen on theleft-hand side of the loop, because most techniquesthat are described below apply to convolved versionsof the object.3.5.2.1. Shaping techniquesShaping is a straight-forward application of pro�lingfunctions, which creates local variations of radius inisolation of modeling primitives (or the thickness ofthe material). Examples of shaping are presentedin Figure 3.8 and Figure 3.13, where normal tree isturned into a seaweed by applying a linear shapingfunction to its branches. Less obvious examples ofshaping may be found in the model of a coral crab(Figure 3.16). The end segments of the crab's legsare also linearly shaped to make them look sharper.3.5.2.2. Carving techniquesCarving is a combination of using depth of in
uenceas a modeling parameter with some pro�ling func-tions. The depth of in
uence around modeling prim-itives de�nes a volume of `matter' to carve from; thepro�ling function de�nes the shape of the `cuttingtool'.Technically, pro�ling functions operate on eachmodeling primitive individually, as shown in Figure 3.7.However, when the modeling primitives interpene-trate, which is true for the spiral seashells (Figures 3.9,3.10, 3.11), the result of carving is as if the cuttingtool has been revolved in the model space followingthe spiral curve of the shell. In this way, pro�lingfunctions are similar to the generating curves usedfor modeling seashells in [27]. The carving techniquewas used with all the models of spiral shells, picturedin Figures 3.9, 3.10 and detailed in Table 3.1.Fig. Primitives Pro�les3.9 361 points constant3.10 42 line segments linear3.11 70 line segments sin2(x�)Table 3.1: Modeling of spiral seashells.3.5.3. Volumetric detailDe�ned as isosurfaces in a scalar �eld, convolutionsurfaces are sensitive to variations of that �eld. Large-

scale variations cause global changes in the appear-ance of the object. Small-scale variations modify thegeometry of the surface locally, adding more detailto the surface. Such detail enhances the appearanceof the object and produce various texturing e�ects.Since these details are based upon implicit functions,which are volumetric by their nature, we call this vol-umetric detail.Most models presented in the paper contain volu-metric details, which may be grouped in three majorways: Structural, Functional and Procedural.3.5.3.1. Structural detailThis method involves adding more modeling primi-tives, which may be done manually or by using someauxiliary utilities. Although it seems like a brute-force solution, structural detail may be very e�ectivein modeling various irregular and rough-looking sur-faces, such as the body, claws and pincer grip of acoral crab, shown in Figure 3.16 or a complex shapeof a coral tree (Figure 3.13). Similarly, the shell ofa spindle cowrie (Figure 3.12) is enhanced by cylin-drical spikes. Other examples of using spikes withconvolution surfaces are presented in [13, 15].One convenient feature of structural details is that,unlike other methods of adding detail, most iterationson the dataset may be done with the o�set represen-tation of the surfaces. This corresponds to the right-hand side of the main modeling loop (Figure 3.8),where a designer may a�ord a large number of takes.3.5.3.2. Functional detailFunctional detail is produced by applying pro�lingfunctions on small areas of the surfaces. As an exam-ple, consider wrinkles on the back and the tail of aseahorse (Figure 3.15).
B C DAFigure 3.17: How to make volumetric wrinkles:(A) The place for wrinkles is chosen. (B) Theclosest arc is pulled out. (C) The arc is split intohalves and one half is modulated by a sine wave.Together, they form a wrinkled volumetric im-plant, ready for re-insertion. (D) The wrinkledimplant is put back in place.Figure 3.17 illustrates how the wrinkles were im-planted in the originally smooth convolution surface.
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Figure 3.18: Nefertiti, before (left) and after(middle, right) convolution. Restricted blend-ing near the edges creates the wrinkles (right).Total 1,242 implicit triangles.This �gure is an exact close-up of Figure 3.15 withmore anatomical parts shown (only participating skele-tal elements and close neighbors are displayed).Note that the �eld function of the wrinkled vol-umetric implant, as described in Figure 3.15, couldhave been represented by a single arc, modi�ed byan elevated and scaled sine wave a1(1 + a2sin(x)), in-stead of two, as shown in the picture. In this case, itis a matter of choice whether to add another primitiveinto the dataset, or de�ne one more pro�ling functionin the modeling system.A similar use of high-frequency functions for addingvolumetric details is reported in [4]. The di�erenceof our approach is that we use it in the skeletal-basedmodeling environment, which allows selective place-ment of such details.3.5.3.3. Procedural detailPerhaps, the most unusual examples of volumetric de-tail are given in Figure 3.18. and Figure 3.19. Theseimages present the results of the experiments withtriangular meshes used as skeletons for convolutionsurfaces. Triangular meshes are normally employedto approximate surfaces, as shown in Figure 3.18, leftand Figure 3.19, top. Convolving triangles with a po-tential kernel function introduces remarkable changesinto appearance of the object being modeled, as il-lustrated in Figure 3.18, middle. However, simpleconvolution makes the skin of Nefertiti look swollen.All �ne features are missed, as high frequencies areremoved by a low-pass convolution �lter.To reduce the swelling e�ect, a restricted mech-anism is used, which arti�cially reduces the amountof �eld generated by triangular primitives near theedges. Thus, the surface exhibits hills over the centralparts of each triangle and valleys along their edges.The maximal di�erence in elevation of these hills andvalleys depends on the thickness of the material of theface (i.e., skin) and the value of the restriction factor.The former tends to elevate the convolution surface

Figure 3.19: Aging Yoda: polygonal mesh (top),convolution surfaces (middle and bottom). Total3,422 implicit triangles.



Implementation details and timing results 32Model Skeleton TechniquesShell I Procedural CarvingShell II Procedural + Carving +hand-made + shapingShell III Procedural + Carving +hand-made + shapingSeaweed Procedural ShapingSeahorse Hand-made Functional wrinklesCowrie Hand-made + Structural detailproceduralCrab Hand-made + Structural detail +procedural + shapingNefertiti Imported Procedural wrinklesYoda Imported Procedural wrinklesTable 3.2: Summary of modeling techniquesused with all datasets.above the `bare' polygonal skeleton, especially in thecentral areas of each polygon. The latter pulls thesurface closer to edges of triangles, producing wrin-kles along the edges. The roughness of the resultingimplicit surface may be e�ectively controlled by vary-ing both parameters: thickness and restriction scalingfactor.The visible outcome of such controlled convolutionis the perceived age of the character. The wrinkledand dried-up skin makes the face of Nefertiti arguablymore interesting and de�nitely more realistic | theprototype of this model is 5,500 years old. Similarly,convolved skin gives Yoda a much more mature look.The restriction mechanism may be combined withan additional UV -mapping to produce even more wrin-kles inside each triangle. Alternatively, proceduralor noisy functions may be used to modify the valuesof the �eld functions. In all cases, the visible com-plexity of the resulting convolution surface will beincreased without increasing the number of elementsin the skeleton.Note, that all types of volumetric detail presentedabove, have truly geometric nature; they are not shad-ing tricks. They participate in a full range of graphicsmanipulations, such as visibility calculations, shad-ows, transformations, etc. By modifying the local ge-ometry of the surface, volumetric detail creates addi-tional features that may be very informative. For in-stance, spikes and horns imply �rm and rigid surfaces;wrinkles often suggest that the object is 
exible, al-lows deformations, and is currently deformed from itsusual state; wrinkled skin suggests old age. These de-tails enhance the visual realism of the model and havea strong potential for complex modeling with implicitsurfaces.

3.6. IMPLEMENTATIONDETAILS AND TIM-ING RESULTSAll models discussed above were designed and ray-traced using the in-house modeling/rendering systemRATS Version 7.31 running under the Linux OS ona 90 MHz Pentium processor. The algorithm for ray-tracing convolution surfaces, used in the RATS sys-tem, is described in Chapter 4. O�set surfaces arealso ray-traced; the relevant algorithms may be foundin [29] and [71]. Table 3.3 gives details about eachdataset and the rendering times. Image resolution:512 x 512. Anti-aliasing method: shooting at most16 primary rays per pixel (Of course, during interac-tive design sessions, much smaller images were used,typically 128 x 128. Shooting 1 ray per pixel allowedto render all o�set surfaces under 10 seconds per it-eration.) O�. Conv.Model Contains surf. surf. t2=t1t1 t2Shell I 361 points 2:52 22:46 7.81Shell II 42 lines 20:45 32:51 1.58Shell III 70 lines 12:54 41:16 3.20Cowrie 103 total 7:34 24:40 3.26Seaweed 31 lines 3:34 4:46 1.34Coral 543 lines 11:18 38:50 3.43Seahorse 43 arcs 5:25 11:52 2.19Crab 641 total 14:03 46:13 3.29Table 3.3: Rendering time (min:sec) for o�setsurfaces and convolution surfaces.These timing data give a somewhat distorted pic-ture of the actual situation. For instance, some o�setsurfaces contain a large number of edges, that hadto be anti-aliased by shooting more rays. Convolvedshapes tend to be smoother, thus fewer pixels hadto be supersampled. This explains an unusually lowtime increase of 1.58 for rendering the second seashellas a convolution surface: it has a very sharp o�set-surface counterpart.The seahorse dataset presents another `special case'of low time ratio. Since arc tubes, used as o�set sur-faces, are already computationally expensive (they re-quire solving quartic polynomials for each intersectiontest), switching to convolution surfaces does not in-troduce dramatic changes in rendering time.The fastest implicit primitive, according to Ta-ble 3.3, is a line segment (see the seaweed model inFigure 3.8). It required only 34% more renderingtime than its explicit counterpart. Such e�ciency isdue to a better kernel that was used for this partic-ular dataset, that is h(x) = b exp(�a2x2). The �eldfunction for line segments, produced with this ker-nel, turned out to be very e�cient for this particular



Conclusion 33model 3. Exponential kernel function was �rst usedby Blinn [7].The average time penalty for using convolutionsurfaces compared to o�set surfaces is about 3.2. Thecrab model, which contains all types of new implicitprimitives, shows a similar slow-down of 3.29.3.7. CONCLUSIONIn this chapter, we have presented a variety of prim-itives and modeling techniques for implicit design.Points, lines, arcs and triangles, when used as ele-ments of convolution surfaces, spawn a rich palette ofunusual variations of this modeling concept. Meth-ods of adding details are discussed, which enhancethe visual realism of the surfaces and expand the ap-plication base of implicit modeling.We would like to point out that most images pre-sented in this chapter could not have been producedby conventional techniques developed for implicit mod-eling to date. These images are products of the con-cept of convolution surfaces and a number of addi-tional modeling methods described above, and ren-dering methods discussed in the next chapter.

3Note, that the �eld function for a line segment producedwith a Gaussian kernel looses to the Cauchy line segment in the`bare' speed test, as shown in Tables (2.3, 2.4) (see Chapter 2).However, in di�erent modeling situations with di�erent valuesof blobbiness and radius in isolation, the Gaussian line segmentmay be faster (for instance, due to tighter bounding volumes),as it apparently happened in this case.

A certain boy once drew a beautiful,if somewhat abstract picture. He wasasked: \And what did you mean to sayby this?" To which he replied, \I meantexactly what I said."A boy (perhaps the same one) wastaken to a museum and shown an abstractpicture. The guide explained: \This ismeant to be a horse." To which the boyreplied, \If it is meant to be a horse, whyisn't it a horse?"{Two complementary stories
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Chapter 4Rendering Convolution Surfaces4.1. INTRODUCTIONIn this chapter, a ray-tracing algorithm is describedfor rendering implicit surfaces formed with C1 - con-tinuous bounded functions f(r). This class of func-tions includes such popular implicit models as blobbymolecules, metaballs, soft objects and convolution sur-faces. The algorithm employs analytical methods only.It is fast, robust, and numerically stable.4.1.1. The problemAn implicit surface is de�ned as S = fr j F (r) = 0gwhere F is a scalar function F : R3 ! R, de�ned overall points in 3D space analytically, procedurally, orwith elements of both. Such functions are often called�eld functions or implicit functions. An equationF (r) = 0 (4.1)is referred to as an implicit surface equation. Thegeneric form of equation (4.1) makes implicit surfacesone of the most powerful and 
exible modeling toolsavailable.Ray-tracing [25] allows implicit surfaces to be vi-sualized directly from their models as de�ned by equa-tion (4.1), without tessellating it into curves or poly-gons. The basic operation of ray-tracing is �ndingray/surface intersections. Representing the ray para-metrically as r(t) = a+ tb (4.2)(a is the ray's origin and b is its direction), an implicitsurface equation for all points on a given ray becomesF (r) = f(a;b; t) = 0 (4.3)or simply f(t) = 0 (4.4)Equations (4.3) and (4.4) must be formulated andsolved for millions of rays (a;b) which poses veryheavy computational demands on the rendering sys-tem. Few functions (4.1) currently used in implicitmodeling yield closed-form solutions of (4.4), whichnecessitates the use of numerical methods and makesthe problem even more di�cult.

4.1.2. Previous workThere is a multitude of algorithms for ray-tracing im-plicit surfaces developed to date. A proper classi�ca-tion and evaluation of these algorithms deserves a sep-arate work. Overviews of most general methods forray-tracing implicit surfaces are given in [15] and [32];a number of numerical methods are also described in[44].With respect to the main implicit equation (4.1),all algorithms demonstrate various degrees of relia-bility, speed and generality. Very often, these char-acteristics are mutually exclusive. The following twoalgorithms, ray-marching and LG-surfaces, represent,perhaps, the most extreme approaches in ray-tracingimplicit surfaces.Ray-marching. This is a brute-force method thatsteps along the ray, evaluating the �eld function f(t)on each step. The surface is detected when the sign off(t) �rst changes. The ray-marching algorithm treats�eld functions f(t) as true `black boxes' and makes noassumptions about their properties. Ray-marching isone of the most general algorithms which can ren-der anything, given enough time. The robustness isachieved by setting the incremental step low, whichmakes the algorithm extremely time-consuming.Ray-marching was introduced by Tuy and Tuy[70] for direct visualization of medical data. Perlinand Ho�ert [54] used ray-marching to render remark-ably complex and realistically looking objects, such asfur, �re and eroded metal, modeled with very noisyfunctions.LG-surfaces. Kalra and Barr [38] developed an al-gorithm guaranteed to detect the surface, modeled byfunctions with computable L and G parameters, thatrepresent the Lipschitz constants for the function fand its derivative df=dt along the ray. A Lipschitzconstant � is de�ned for a scalar function f over re-gion A asjf(x)� f(y)j < �jjx � yjj; x 2 A;y 2 AA Lipschitz constant L, computed for a function f ,provides a means to �nd regions of space where f is35



Introduction 36guaranteed not to intersect the surface. A Lipschitzconstant G, computed for the directional derivativedf=dt along a given ray, allows the �nding of the in-tervals of monotonicity of f(t) and, therefore, the iso-lation of all roots of f(t) = 0 reliably. The roots arethen re�ned with any well-established method suchas regula falsi [57].In order to be e�ective, the LG-surface algorithmrequires run-time computations of L and G for dif-ferent regions of space and intervals along each ray.To obtain the value of L over a region of space, thegradient rf is computed and its magnitude is max-imized over the region. For G, the similar compu-tations must be carried out with df=dt: the secondderivative d2f=dt2 is computed and maximized overthe interval along the ray. For non-algebraic mod-eling functions f , these computations may becomeprohibitively di�cult, even if L and G are derived insymbolic form.There are less demanding algorithms that guar-antee to �nd ray/surface intersections without evalu-ating second derivatives. For the sphere-tracing algo-rithm, described by Hart [34], even the �rst deriva-tives need not be de�ned. Sphere-tracing avoids theproblem of isolating roots and converges on the sur-face from one side, using a Lipschitz constant to com-pute the signed distance to the surface. Sphere-tracingcan render a wide class of surfaces, including fractal,rough and creased ones.Ray-tracing with interval analysis, introduced byMitchell [44], requires run-time evaluation of the �rstderivative df=dt to isolate the roots.It is important to note that all algorithms thatbound the rate of change of the implicit functionsf(t), either with a Lipschitz constant ([34] and [38]) orwith derivatives df=dt ([44]) work better when thesebounds are as tight as possible. Therefore, they mustbe computed at run-time for each ray individuallyand for each interval along this ray, which may not bean easy task to accomplish for complex functions f .The use of global precomputed values will degrade thee�ciency and ultimately will turn the root-isolatingalgorithms ([38] and [44]) into a simple bisection, andthe sphere-tracing algorithm into ray-marching.To summarize: the most general algorithms withthe widest application base ([54] and [70]) are veryslow and do not guarantee to locate the surface. Onthe other hand, reliable methods require auxiliarycomputations that may become too expensive for com-plex modeling functions f .Next, we provide an overview of the algorithm forray-tracing implicit surfaces that combines generality,reliability and e�ciency.

4.1.3. Algorithm preconditionsThe ray-tracing algorithm presented in this chapterhas been designed to render implicit surfaces modeledwith the following equation:F (r) = �T + NXi=1 fi(r) (4.5)where T is the isopotential value and each constituentfunction fi(r), when parameterized along an arbi-trary ray (4.2) as f(t), satis�es the following condi-tions:1. f(t) is C1-continuous for all t,2. f(t) and df(t)=dt only have non-zero values overa �nite set of non-overlapping intervals [t1i ; t2i ],i = 1; :::; k.The second condition implies that each object rep-resented by its function f can be enclosed by a bound-ing volume (of not necessarily �nite size). For exam-ple, an in�nite implicit plane may be enclosed in aco-planar in�nite slab.In general, the algorithm requires that both f(t)and f 0(t) be de�ned. In special cases when f is sym-metric about the midpoint of each interval [t1; t2], thederivative f 0(t) is not required. Examples are: im-plicit points, lines, tori.The class of modeling functions that meets thesaid conditions (and, therefore, can be rendered byour algorithm) is very wide and includes such well-known models such as blobby molecules [7], metaballs[50], soft objects [73] and convolution surfaces [12].4.1.4. Algorithm postconditionsThe implicit surfaces rendered by the algorithm willexhibit:1. SmoothnessThe algorithm will render the object as a C1-continuous surface. The surface is guaranteednot to contain pixel dropouts and shading willbe smooth along the surface.2. Fine featuresThe algorithm will render �ne features of theimplicit surface with the same �delity as forconventional, non-implicit primitives. The al-gorithm will miss the implicit surface if its mod-eling function f(r) has a bounding volume sosmall that it slips between the sampling rays.This is the general problem of point-samplingmethods that is well understood and may besolved using stochastic or oversampling meth-ods [25].



The algorithm 373. Limited accuracyThe rendered surface may slightly deviate fromits true location as implied by the modelingequation (4.5). The error is individual for each�eld function fi and is not cumulative.The rest of the chapter is organized as follows.The next section provides a detailed description ofthe algorithm. Section 4.3 provides a discussion of er-rors. Implementation issues and speed-up techniquesare given in Section 4.4 and illustrated by practicalexamples in Section 4.5. Some possible improvementsare suggested in Section 4.6.4.2. THE ALGORITHMThe algorithm is based on the original work by Nishi-mura et al., who developed a very e�cient, thoughhighly specialized, algorithm for ray-tracingmetaballs[50]. We �rst describe Nishimura's algorithm andthen show how it can be extended to render implicitfunctions that meet our preconditions.4.2.1. Ray-tracing algorithm for metaballsIn the metaball model, the constituents fi of the iso-surface equation (4.5) are point potentials representedby piecewise quadratics:f(r) = 24 1� 3( rR )2 0 � r � R3 ;32 (1� rR )2 R3 < r � R;0 r > R; (4.6)where R is radius of in
uence of the metaball and ris the distance from its center to point r.To �nd the ray/surface intersections, the ray equa-tion (4.2) is substituted into the potential function (4.6),yielding at most three piecewise quadratic polynomi-als per metaball that describe its �eld along the ray.When all metaballs have been processed in this man-ner, the whole extent of the ray inside their collective�eld becomes sliced into a set of intervals with cor-responding polynomials derived from equation (4.6).The algorithm walks through these intervals, build-ing and solving the isosurface equation (4.5). Sinceall components are represented by quadratic poly-nomials, the collective isosurface equation is also aquadratic, and all roots (hence intersections) can befound analytically.A similar technique is described by Wyvill andTrotman [79]. They modeled point sources by piecesof polynomials of degree 6, and solved the implicitequations for roots using Laguerre's method.4.2.2. Generalization of the algorithm for metaballsThe nature of the algorithm described above is thatit may be applied to solve isosurface equations gen-

erated by any �eld function, provided it can be rep-resented as a sum of polynomials with ray distancet as argument. For metaballs, this representation isstraightforward, because the modeling functions (4.6)are already speci�ed in polynomial form. For an ar-bitrary function f , additional processing may be re-quired in order to provide this representation. Thiscan be achieved using polynomial approximation.Weierstrass's theorem states that if f is a conti-nuous function on the interval [t1; t2], then for any� > 0 there exists a polynomial p such thatmaxjf(t)� p(t)j < �; t1 � t � t2 (4.7)which simply means that any continuous function fmay be approximated on a closed interval by a poly-nomial p as closely as required.
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The algorithm 38For our purposes, the Hermite interpolants can becomputed as follows. The initial interval [t1; t2], ob-tained via intersecting the ray with the bounding vol-ume, is divided at the midpoint tmid (see Figure 4.1).For endpoints of the �rst sub-interval [t1; tmid] condi-tions (4.8) are written asf1 = 0;f 01 = 0;fmid = f(tmid);f 0mid = f 0(tmid) (4.9)because the function f is known to have zero valuesand zero derivatives at the boundaries of its regionof in
uence. If the function f is symmetric aboutthe midpoint tmid, the second derivative condition isreduced to f 0mid = 0Equations (4.9) solved for sub-intervals [t1; tmid] and[tmid; t2] produce a piecewise representation of thefunction f over interval [t1; t2] that satisfy the require-ments listed above: it is of low-degree, C1-continuousand computationally e�cient.4.2.3. An exampleTo demonstrate, consider the simple example of �nd-ing all intersections between a ray and a surface mod-eled with three implicit line segments and one pointpotential (Figure 4.2 A). We assume that the func-tions fpoint(t) and fline(t) are de�ned at any point ton the ray. The exact expressions for the �eld func-tion fpoint(t) are given in [7], [50] and [73]; implicitfunctions for a line segment may be found in [42]. Allthese functions are also given in Chapter 2.First, the ray is intersected with the bounding vol-umes of all modeling functions fi (Figure 4.2A). Theresulting intervals I1 and I2 de�ne the geometric loca-tion along the ray where the �eld is considered non-zero. Next, for each interval Ii, the corresponding�eld function fi is interpolated by polynomials pi (inthis example shown as quartics without loss of gener-ality) (Figure 4.2B). Finally, all intervals Ii are inter-sected and sorted along the ray, yielding a sequencei1; i2; i3 (Figure 4.2B). At this point, the algorithm isready to proceed with the root-�nding. The isosur-face equations are built and solved for roots t in allintervals, as demonstrated in Table 4.1.In general, the number of roots per interval maybe as high as the highest degree of all interpolatingpolynomials pi(t) de�ned over this interval. Theseroots may also occur outside the interval. Therefore,for each interval, the algorithm validates all roots bychecking if they belong to the interval. In our ex-ample, the only valid roots are marked by circles inFigure 4.2(B and C). The corresponding points give
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Figure 4.2: Rendering an implicit icicle: (A) in-tersection with bounding volumes; (B) interpo-lation of contributing components by polynomi-als pi(t); (C) isosurface at level T ; (D) shadedimage.

Interval Field equation Valid rootsi1 p1(t) = T 1i2 p1(t) + p2(t) = T 1i3 p1(t) = T 0Table 4.1: Ray-surface equations along the ray'spath.



Error analysis 39the location of the isosurface at level T (Figure 4.2C).The shaded image is shown in Figure 4.2D.4.2.4. Bounding volumesNo one can embrace the boundless.{Koz'ma Prutkov`Thoughts and Aphorisms", 1854This observation is a reminder that the algorithmpresented above will work only with those primitivesthat can be enclosed into a bounding volume. Ta-ble 4.2 shows the bounding volumes for all implicitprimitives, developed in Chapter 2.
3 cylinders + 3 spheres + 1 prism

1 cylinder + 2 spheres

1 infinite slab

1 piece of torus + 2 spheres

1 sphere

Arc

Plane

Primitive Bounding volume

Line segment

Point

Triangle

Table 4.2: Bounding volumes for modeling prim-itives.4.2.5. Shading and texturingThe normal vector n at the ray/surface intersectionpoint x is n = � NXi=1 wi rfi(x)jjrfi(x)jj (4.10)where the scalar weights, obtained as wi = fi(x), arenormalized to sum up to the threshold value T (whichequals 1 by convention):NXi=1 wi = T (4.11)Scalar weights wi are also used to interpolate betweenphotometric characteristics C of materials associatedwith the modeling primitives fi:C = NXi=1 wiCi (4.12)The choice of parameters C depends on the lightingmodel. They usually include ambient, di�use andspecular colors, transparency, re
ectivity and otherdata.

The normalization of wi is necessary because ofthe approximate nature of the algorithm. The actualvalue of the �eld at the intersection point x, as foundby the algorithm, may slightly di�er from T . Thus,the weights wi must be scaled to ensure that all pho-tometric parameters and normal vector componentsblend correctly 1.Surface texturing, both 
at and solid, can also beperformed. Applying solid textures is straightforwardand depends on the location of the surface only. Flattextures are more di�cult, because local texture co-ordinates (U; V ) must be computed in the local spaceof all constituents fi then combined together and re-mapped onto the resulting surface. This re-mappingis not easy and is addressed in [53] and [76].We used the simple fact that each function fi isaccompanied by its own bounding volume, usually asimple geometric object. Therefore, the UV -valuesfor the bounding volumes are obtained �rst and thenused to texture the surface parameters C for eachparticipating fi separately. The new textured valuesCi are �nally mixed as de�ned by equation (4.12).4.3. ERROR ANALYSISAs with any technique that involves approximation,it is important to obtain bounds for the errors. In thecase of Hermite interpolation on n nodes x1; x2; :::; xnthe error is �(t) = f (2n)(�)(2n)! [Ln(t)]2 (4.13)where Ln(t) = Qni=1(t � xi) and point � belongs toan interval containing all xi and the point of interestt. Here xi denotes the location of an interpolationnode and is not to be confused with the endpointsof the initial interval [t1; t2]. The derivation of for-mula (4.13) may be found in [17].It is apparent from formula (4.13) that the errormay be reduced by increasing the number of nodepoints n within the initial interval [t1; t2] (see Fig-ure 4.1). Alternatively, one may �x the number ofnode points n and split the initial interval [t1; t2] intosmaller sub-intervals, reducing the value of the Lnterm. Both methods reduce the amount of error verye�ciently. However, increasing the number of nodepoints n yields interpolating polynomials of higherdegrees (2n� 1), which disables the use of analyticalroot-solvers for n > 2.Thus, we have chosen to stay with cubic inter-polants (n = 2) and increase the number of sub-1Obviously the normal vector may be obtained withoutcomputing the weights wi. In the current implementation ofthe algorithm, however, it is more convenient to compute themagnitude and direction of the normal vector separately for allcomponents fi of the iso-surface.



Optimizations 40
Figure 4.3: The front view. The error is uni-form over the image. Two Hermite interpolantsare used per line segment. The error is notice-able but insigni�cant. Rendering time: 24 sec(numerical, left) and 13 sec (analytical, middle).

Figure 4.4: The side view. The error is sub-stantially higher in the central areas, where raystravel along the horizontal line segment, yield-ing longer extents [t1; t2]. The surface becomesdeformed. Rendering time: 20 sec (numerical)and 13 sec (analytical).

Figure 4.5: The side view, revisited. The er-ror is reduced by using four sub-intervals andfour Hermite interpolants per line segment. Theleft and middle images are practically identical.Rendering time: 20 sec and 17 sec.

intervals instead. On each sub-interval [x1; x2], theerror is �(t) = f (4)(�)24 [(t� x1)(t� x2)]2 (4.14)Since the error is a quartic function of jx1 � x2j, dou-bling the number of sub-intervals over the initial ex-tent [t1; t2] decreases the error by the factor of 16.To see the error-control mechanism in practice,consider a following example. A cross is modeled withtwo implicit line segments and rendered several timesin di�erent views. In Figures (4.3 { 4.5), the leftmostimages are rendered with numerical root-�nding tech-niques, using true function evaluations. The middleimages are rendered using analytical root-solver andHermite interpolation. The rightmost images showthe rendering error, measured for each pixel as thedistance between surface locations as computed bynumerical and analytical methods.4.4. OPTIMIZATIONSThe algorithm may be optimized for a particular ren-dering task. Here are some examples.4.4.1. Polynomization on demandIf constructive solid geometry (CSG) is not required,the algorithm does not require computation of allpolynomials along the ray { it su�ces to prepare theintervals i1; :::; in only (see Figure 4.2B). The cor-responding interpolants pi will be computed on de-mand, as the algorithm goes through the list of in-tervals. The process terminates after the �rst inter-section is found. This simple technique may reducethe number of calls to the interpolation routine sig-ni�cantly. In the example given in Figure 4.2B, thesecond �eld function, de�ned over I2, need not beinterpolated.4.4.2. Fast ray/surface rejection testBefore attempting the intersection test, some prelimi-nary interrogation of the modeling functions may helpto speed up the intersection test. For example, if thetotal sum of the maximum contributions from all con-stituents fi is still less than the isopotential value T ,the isosurface equationPni fi = T will have no rootsand there will be no intersections in the whole se-quence of intervals i1; :::; in. This test is especiallye�ective if the modeling functions fi are symmetricabout the midpoint of their intervals (which is truefor implicit points, lines, tori and planes), where the�eld reaches its maximum value.A similar root-exclusion test may be used locallyfor some intervals ij = [x1; x2], where the �eld func-tion f is known to be monotonic. If T is not contained



Examples 41between f(x1) and f(x2), there will be no intersectionin ij , and the algorithm may move on to the next ij+1interval, skipping the interpolation and root-solvingstages. To determine if the function f = Pni fi ismonotonic, one must check that all its constituentsfi are consistently non-decreasing (or non-increasing)over that interval.4.4.3. Volatile and permanent clustersThe modeling functions fi that require blending arenormally organized in linked lists, or fusion clusters,using the terminology of Nishimura et al. [50]. Theway these clusters are created may in
uence the e�-ciency of the algorithm. The following two types ofclusters have been implemented and compared: per-manent and volatile.The �rst method involves a preprocessing stage,during which all the �eld functions fi in the databaseare arranged into permanent lists. To create theselists, a connectivity graph is built whose vertices rep-resent all modeling functions fi and whose edges areset between objects with intersecting bounding boxes.A depth-�rst search for fully connected componentsin this graph extracts all permanent clusters, includ-ing degenerate ones for isolated functions. These clus-ters are permanent because they remain unchangedduring the ray-tracing of the whole image. This pro-cess is illustrated in Figure 4.6.
Figure 4.6: Creating permanent clusters: orig-inally chaotic implicit primitives (left) are or-ganized into a graph using their bounding vol-umes (middle left) which is then searched forconnected components (middle right). The con-nected components form two permanent clus-ters (right). Black dots show the locations ofthe primitives, lines indicate their bounding vol-umes.This method is quite suitable for rendering stillpictures and animation sequences where modeling func-tions fi do not change parameters that might a�ecttheir regions of in
uence, and hence the connectiv-ity graph. In the general case, clusters must be de-composed into their constituents and rebuilt againfor every new frame. Use of permanent clusters givesbetter rendering times for simple models, such as inFigure 4.2.Alternatively, fusion clusters may be created `onthe 
y' for each ray. When the ray encounters an im-plicit function (i.e., intersects its bounding volume),

the function is linked to a temporary list. When thetraversing of the whole database �nishes, this tem-porary cluster contains all functions fi that may con-tribute to the �eld along the ray. The cluster is testedfor intersections and then destroyed.Practice shows that volatile clusters are best forrendering complex scenes. Volatile clusters are evenmore e�cient when dynamic memory allocations arereplaced by the use of static pools. It is importantto note that, regardless of the type of clusters used,the implicit equations formulated for each ray are thesame. Choosing between volatile and permanent clus-ters only changes the way the memory is organizedand addressed.4.4.4. Reusing interpolantsWhen shading an intersection point, the algorithm re-evaluates all contributing functions fi at that point tocompute the weights wi (equations (4.10) and (4.12)).The speed may be improved signi�cantly by re-usingthe polynomial representations for each fi that wereobtained during the ray/surface intersection test. Her-mite interpolants pi(t) of degree 3 are evaluated at a
at rate of 3 multiplications and 3 additions; true val-ues of �eld functions fi(t) may cost as much as dozensof 
oating point operations and may contain calls tospecial functions too. (See Chapter 2 for examples ofvery complex �eld functions).Table 4.3 provides the actual timing results for themodel of a coral tree (Figure 4.10, right), renderedwith various optimizations.Optimization Time Speed-upmethod (min:sec) (%)None 34 : 37 |Interpolation on demand 33 : 10 4.2Fast rejection test 31 : 13 9.8Static memory pools 31 : 31 8.9Reusing interpolants 34 : 07 1.4All of the above 28 : 30 17.7Table 4.3: Optimization methods and renderingtimes.4.5. EXAMPLESThe ray-tracing algorithm described in this chapterhas been implemented as part of the integrated envi-ronment for modeling, rendering and animating im-plicit surfaces RATS Version 7.31. The modelingtechniques that can be used with the RATS systemare described in great detail in Chapter 3. The com-plete command language set and the list of all features



Examples 42of this system is given in Appendix C. The followingimages illustrate the algorithm.
A

C

B

DFigure 4.7: Implicit sphere-
akes made with 10,91, 820 and 7381 Gaussian density functions.The smaller objects have lighter surface colorsfor better contrast.The well-known sphere-
ake model of Eric Haines[31], was re-modeled by replacing the original sphereswith Blinn's blobs f(r) = b e�ar2 , where the scalarparameters a and b were derived from the radius inisolation for each layer of elements and their blobbi-ness that controls the blending (see [7] for more de-tail). To check the speed of our algorithm, each imagein Figure 4.7 was rendered twice: �rst with the algo-rithm presented in this chapter and then with theLG-based algorithm as described by Kalra and Barr[38]. To make a fair comparison, both algorithmswere implemented and tested in the identical envi-ronment. Special care was taken to implement bothmethods with the same level of optimization, i.e. obvi-ous things such as multiple function evaluations werecarefully avoided. Running times are given in Ta-ble 4.4 (frame size 512 x 512, supersampling with atmost 16 rays per pixel).The pseudo-color chart shows the relative amountof time spent rendering the image in Figure 4.7C withour algorithm (left) and the LG-algorithm (right). Asexpected, silhouette edges do not require extra e�orts,because multiple roots at the edges are resolved byanalytic root-�nding techniques and not by reducingthe size of iterative steps as in most numerical meth-ods. For these datasets, our algorithm appeared tobe three times faster than the LG-algorithm.It is worth mentioning that a very simple hill-

Image Number of LG-algorithm Our algorithmelements (min:sec) (min:sec)| 1 :57 :464.7 A 10 10:27 3:234.7 B 91 27:02 7:314.7 C 820 50:32 13:534.7 D 7381 95:52 31:30Table 4.4: Rendering times for the Sphere
akemodel.
Fastest SlowestFigure 4.8: Time-pro�ling charts for our algo-rithm (left) and the LG-algorithm (right). Theleft image shows almost uniform time complex-ity over the scene. The right image shows thatthe rendering was much slower at the silhouetteedges, which agrees with the results reported byKalra and Barr [38]. Both images were renderedshooting 1 ray/pixel, frame size 512 x 512.climbing approach renders images 4.7A - 4.7D only1.75 times slower than our algorithm. The hill-climbingmethod steps along the ray, evaluating pairs f(t) andf(t+ �), until a sign change is detected. Then a stan-dard root-re�nement routine (such as regula falsi) iscalled to close on the root. However, the optimalclimbing step � had to be found experimentally foreach sphere-
ake, which makes this method much lessattractive.The next picture demonstrates the small-objectsproblem. The sea urchin in Figure 4.9 is modeledby a spherical Gaussian bump and several radial im-plicit line segments of various lengths. The endpointsof the longest segments are located outside the regionof in
uence of the central core, resulting in very sharpspikes that are thinner than the pixel size. The al-gorithm did not miss these �ne features. The rightimage in Figure 4.9 gives an example of UV -mapping,projected back onto the surface.The dataset for the images in Figure 4.10 is basedupon the tree model from [31]2. There are 31 `branches'and 512 `needles' in the dataset. The left image is ren-dered with conventional primitives in 9 min 36 sec;2This image is created with a Gaussian kernel. Comparewith a coral tree in Fig. 2.20, which was made with a Cauchykernel.
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Figure 4.9: Two sea-urchins. Left: thin objectsare not a problem for the rendering algorithm.Right: UV-mapping, cross-dissolved over blend-ing regions.

Figure 4.10: Coral tree: o�set surface (left) andsmoothed implicit surface (right). This modelserved as a test-bed for various speed optimiza-tions discussed in Section 4.4. Number of ele-ments 548.the right image was re-rendered several times withdi�erent optimization techniques as discussed in theprevious section, yielding a best time of 28 min 30 sec(frame size 320 x 240, supersampling adaptively).The next image shows the generality of the algo-rithm. The Hermite crab in Figure 4.11 is modeledby implicit functions of 5 di�erent types with charac-teristic sizes a hundred times di�erent. The surfacewas successfully detected and shaded everywhere, in-cluding the �ne details, such as the pincer grips.The last example demonstrates the rendering speedof the algorithm. Figure 4.12 shows three images ofthe Spinal Starecase, a 36-legged 333-segmented crea-ture modeled by Alan Dorin 3 as described in [22].The upper image is rendered by Rayshade, a pub-lic domain ray-tracer [58], widely used in computer3The author's original spelling is preserved.

Figure 4.11: Large Hermite crab. Notice the useof controlled blending: leg segments do not blendwith each other while most other body parts do.Number of elements 988.graphics research community because of its high ef-�ciency and extensibility. The middle and the lowerimages are rendered by RATS. To make a fair com-parison, the same accelerating techniques are used inboth programs (4 x 10 x 10 grids). Table 4.5 givesmore details.The upper and the middle images in Figure 4.12are not identical { the lighting schemes are di�erentand so are the surface colors. Still, these images looksimilar enough to give a good indication about thespeed of our program. The Spinal Starecase modelshows the lowest ratio of rendering times between its`soft' and `hard' versions, which is 1.15. Normally,this ratio is much higher: 2.97 for the model of acoral in Figure 4.10 and the average of 3.2 for thenumerous examples of marine life forms presented inChapter 3.4.6. CONCLUSIONSThe key idea of the ray-tracing algorithm presentedin this chapter is to keep the modeling implicit equa-tion (4.5) in polynomial form, so it may be solvedquickly during the ray/surface intersection test. Thepolynomial representation of all implicit functions isobtained via Hermite interpolation.The algorithm has been extensively tested witha large number of implicit functions, most of whichwere obtained via a convolution technique. Table 4.6lists all implicit primitives that are implemented inthe RATS system. All of these functions work wellwith the algorithm.
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Figure 4.12: RATS renders the convolution sur-faces of \Spinal Starecase" (bottom) faster thanRayshade does it for the conventional versionof the model, represented by cylinders (top).The middle image is also rendered by RATS.Total number of elements: 478. Conventionalmodel (top and middle) contains 333 cylindersand 145 spheres. Convolution surface (bottom)is based upon 333 implicit line segments, 38 im-plicit Gaussian points, 107 spheres.
Image Rendered by Rendering timeTop Rayshade 30 min 24 secMiddle RATS 22 min 11 secBottom RATS 25 min 28 secTable 4.5: Rendering times for the Spinal Stare-case model, pictured in Figure 4.12. All imagesare supersampled with at most 16 rays per pixel,frame size 320 x 480.

Kernel Modeling primitivespoint line plane arc triangleCauchy � � � � �Gaussian � � � � �Inverse � � � � �Squared � � � � �Polynomial � � � � �Table 4.6: Primitives/kernels implementationchart: (�) primitive implemented; (�) primitivenot implemented; (�) primitive can not be imple-mented (no closed-form solution).The algorithm has a number of valuable features:1. ModularityNew modeling implicit functions fi may easilybe added, provided they meet the general as-sumptions given in Section 4.1.3.2. GeneralityChanging parameters of the modeling functionsdoes not require re-adjustments of the renderingparameters. This allows the designer to concen-trate on the model, not on the rendering.3. Compatibility with other speed-up techniquesModels may consist of a large number of im-plicit functions fi. Since most of them have �-nite bounds, the rendering speed bene�ts fromspace-packing methods, such as grids, in thesame manner as for conventional primitives.4. High speedRendering speed has always been an issue ofgreat importance, especially when interactiverates are required during designing stage. Allimplicit objects presented in this paper werecreated or modi�ed from their original `explicit'models interactively, using the described algo-rithm as a viewing tool.The only drawback of the algorithm that maycause objections is that it works with an approxi-mation, not with a `true' implicit formulation of thesurface. The answer to that is somewhat philosoph-ical: any observation adds distortions to the systemor phenomenon that is being observed. This prin-ciple seems to hold for any system with an externalobserver present. Quantum behavior of particles andhuman ideas are both impossible to communicate ina `lossless' manner; distortions are inevitable as theinformation is being passed to an observer.Everything becomes a little di�erentas soon as it is spoken out loud.Hermann Hesse (1877-1962)



Conclusions 45During rendering, our algorithm also creates a sur-face that is `a little di�erent' from the original plan.The important fact is that we are aware of such de-viations and have means to control it e�ectively. Itcould be useful to develop an automatic error-controlmechanism that would be able to determine if morethan two interpolants are required for a particular im-plicit model. A solution to this problem seems to beachievable.To conclude, we want to emphasize the impor-tance of analytical nature of our algorithm. In itsbasic version (two Hermite interpolants per ray perprimitive), the algorithm �nds the location of the sur-face at a 
at rate of a single �eld function evaluationplus �xed cost of interpolation and root-solving (Fig-ure 4.7 shows nearly constant rendering time over thewhole image). That compares favorably to numericmethods that require iteration, especially if the mod-eling functions fi are non-algebraic. The �eld func-tions, developed and presented in Chapter 2 and Ap-pendix B provide convincing examples of such non-algebraic functions.

I consider that I understand an equa-tion when I can predict the properties ofits solutions, without actually solving it.{P.A.M. DiracSee in the root!{Koz'ma Prutkov\Thoughts and Aphorisms", 1854
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Chapter 5EpilogueIn this dissertation, we have developed a solidplatform for using convolution surfaces for computergraphics purposes. Speci�cally, we addressed threemajor aspects of the problem: how to describe convo-lution surfaces mathematically, how to employ themfor design of complex shapes and how to render ob-jects modeled with convolution surfaces. We hopethat methods and algorithms discussed on these pageswill �nd their users among computer graphics com-munity, both researchers and practitioners.There are certain areas in our Formulation { Mod-eling { Rendering framework that still can be im-proved. For instance, an implicit cubic curve, pro-duced via convolution with a polynomial kernel, maybe a valuable addition to the arsenal of implicit prim-itives (Formulation). Modifying an object's blobbi-ness along the surface of the object was mentionedbut never actually used, although it could help re-ducing unwanted blending (Modeling)1. Volumetricwrinkles and other high-frequency details could havebeen explored more (Modeling). Finally, the mappingof 
at textures onto convolution surfaces is a topic ofgreat importance (Rendering), which is at present un-dergoing major developments [53, 81].As far as implementation is concerned, a graph-ics user interface for the modeling part of the RATSsystem could facilitate the design process. However,speaking in terms of a software production cycle, westrongly believe that the core of the RATS system isalready wide and stable enough to be passed to thedevelopment stage.What's next? Although the mathematical andrendering aspects of using convolution surfaces meritadditional research, we believe that modeling withconvolution surfaces should take precedence and guidethe process of their development. So far, we haveconsidered only a limited range of modeling situa-tions where convolution surfaces can be applied. The1Such blending occurs, for instance, in animating humanlips that are modeled with implicit arcs, one arc per lip. Theupper and lower arcs must always blend in the corners, thusblendability in these regions must be high. The middle regionsshould never blend with each other.

topics of further research, that may bene�t from theresults presented in this thesis, are truly inviting.Several areas of possible application of convolu-tion surfaces were brie
y mentioned in the introduc-tion. They concern modeling and animating situa-tions where objects behave essentially as rigid bodies,moving in some unusual force �elds (recall an exam-ple with the gravity �eld of a donut-shaped planet ora journey to the center of a Gaussian blob).Another large set of interesting problems is relatedto modeling interactions between objects representedwith implicit surfaces. This territory seems more ex-citing and much more challenging. Objects may col-lide, deform and undergo topological changes. Ob-jects also may react to external forces as elastic andnon-elastic bodies. In general, the behavior of inter-acting solids is very complex and often deceptive.To illustrate, consider a bubble 
oating in a lavalamp. At a glance, it may seem as a perfect exam-ple of the original Blinn's blob, i.e. a subject forstraightforward implicit representation. In fact, onits way up along the lamp, such a bubble does looklike a blob, as it separates from the lava substanceand forms an isolated spherical shape. The situa-tion changes drastically when the bubble cools down,descends and starts to merge with the lava mass. Be-fore the actual merger happens, both the bubble andthe rest of the lava mass participate in the followingprocesses: collision, mutual deformation (squeezingand bulging), growing tension on the contact surface(double membrane), formation of a puncture in thecontact membrane. During the explosive growth ofthe puncture, the actual merger happens. None ofthis occurs during the separation phase.Naturally, it is very desirable to be able to de-scribe the motion and appearance of a `simple' bubblein some uni�ed consistent way, regardless of directionof its movements and topological changes it under-goes.Physically-based animation of implicit surfaces iscurrently a focus of intensive research [18, 21, 28]. Towhat extent convolution surfaces may help in mod-eling interactions between implicit surfaces, is sub-47



ject for further investigation. However, it seems verylikely that the closed form implicit functions, devel-oped in this dissertation, may assist in accurate sim-ulations of such subtle phenomena as the building oftension in membrane structures, which are needed tomodel merger under pressure correctly. Similarly, thegridless (i.e., contiguous) volumetric representationmay help to ensure that the contact between collid-ing bodies and the consequent merger are detectedand described accurately.It also seems clear that a more general modelingparadigm is needed to incorporate various types ofinteractions between implicit surfaces. Every changein the appearance and topology of the object shouldbe governed by a single set of rules and correspond-ing algorithms. The Uni�ed Implicit Shape Equationthat will incorporate the appearance, motion and de-formation of complex interacting systems, is still tobe written.



Appendix AField functions for point primitivesIn the following formulae r denoted a Euclideandistance to a point of interest (x; y; z), i.e., r2 = x2+y2+z2. For better clarity, all scaling coe�cients thatcontrol the width and the height of all function, areset to 1. A.1. CAUCHY FUNCTIONh(r) = 1=(1 + s2r2)2; r > 0
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Figure A.1: Cauchy function.Note: as explained in the text, this is in fact asquared Cauchy distribution.A.2. GAUSSIAN FUNCTIONh(r) = exp(�a2r2); r > 0
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Figure A.2: Gaussian function.
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Field functions for point primitives 50A.3. INVERSE FUNCTIONh(r) = 1=r; r > 0
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Figure A.3: Inverse function.A.4. INVERSE SQUARED FUNCTIONh(r) = 1=r2; r > 0
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Figure A.4: Inverse squared function.A.5. METABALLSh(r) = 24 1� 3r2 0 � r � 13 ;32 (1� r)2 13 < r � 1;0 r > 1;
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Figure A.5: Metaballs.

A.6. SOFT OBJECTSh(r) = � 1� ( 49 )r6 + ( 179 )r4 � ( 229 )r2; r < 1;0 r > 1;
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Figure A.6: Soft objects.A.7. W-QUARTIC POLYNOMIALh(r) = (1� r2)2; r < 1
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Figure A.7: W-quartic polynomial.



Appendix BField functions for line primitivesThe following functions describe the scalar �eldsproduced by line segments of length L, convolvedwith various kernels. The notation used:r point of interest (x; y; z)b segment base (bx; by; bz)a segment axis (ax; ay; az)d vector from segment base to a point rd length of dx dot product of d and a
x

y

z

b
a

d

r

Three-dimensional plots show the �eld distributionsin z = 0 plane.

B.1. CAUCHY LINE SEGMENTFline(r) == x2p2(p2 + s2x2) + L� x2p2q2 ++ 12sp3 (atan[sxp ] + atan[s(L� x)p ]);where s de�nes the kernel width and p and q aredistance terms:p2 = 1 + s2(d2 � x2);q2 = 1 + s2(d2 + L2 � 2Lx)
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10Figure B.1: Cauchy line segment.B.2. GAUSSIAN LINE SEGMENTFline(r) = e�a2(d2�x2)(erf[a(L� x)] + erf[ax])
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Field functions for line primitives 52B.3. INVERSE POTENTIAL LINE SEGMENTFline(r) = ln(L� x+pd2 � 2xL+ L2)� ln(d� x)
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10Figure B.3: Inverse potential line segment.B.4. INVERSE SQUARED LINE SEGMENTFline(r) = atan xpd2�x2 + atan L�xpd2�x2pd2 � x2
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10Figure B.4: Inverse squared potential line segment.B.5. POLYNOMIAL LINE SEGMENTFline(r) == R4((l52 � l51)15 �= (l42 � l41)x += (l32 � l31)23((2x2 + d2 �R2)) += (l22 � l21)2x(R2 � d2) += (l2 � l1)(R2 � d2)2);where R is the width of the kernel and [l1; l2] is theintegration interval I as shown in Figure 2.8.
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Formerly, when one invented a newfunction, it was to further some practi-cal purpose; today one invents them inorder to make incorrect the reasoning ofour fathers, and nothing more will ever beaccomplished by these inventions.Jules Henry Poincare (1854-1912)



Appendix CRATS Overview and CommandLanguageC.1. OVERVIEWNAMERATS { Ray-Tracing and Animation Tools SoftwareSYNOPSISrats [-/+options] [�lename.fart, rat, ice, datg]options are:-? print this message-a use automatic tiling of windows for X displays-c use color XPM icons-d display traced image line by line-e echo on/o�-g graphics environment on/o�-i print version information-j jitter on/o�-l �lename log all output into a �le-m memory watcher on/o� (may be slow!)-o �le.fmt set output �le name and format-q quit after processing input �les-s value set sampling (number of rays per pixel)-t use thumbnail image icons-v verbose mode on/o�-w warning messages on/o�-y use gray-scale visual for pseudo-color X displays-r width hight set horizontal and vertical image resolutionPlus `+' turns the options on, minus `-' turns it o�. If no input �les are speci�ed, RATS read commands fromkeyboard. Otherwise, RATS reads command from input �les, that are stored in a LIFO queue; after the last�le is processed, RATS continues to read commands from keyboard. Command �les may be called from insideeach other; in�nite loop calls are disabled. By convention, input �les are expected to have `art', `rat', `ice', `dat'extensions { they all are treated as batch �les.DESCRIPTIONRATS was born at Caltech in 1994 as a toy ray-tracer written by the author for the Computer GraphicsLaboratory course CS174. At that time, the course was taught by Jim Kajiya, with a driving force `of greatpitch and moment', which propelled the project far enough to be able to live on its own. Over the years, RATS53



Command Language 541, matured into a complete system for modeling, rendering and animation of conventional and implicit surfaces.Version 7.31 amounts to nearly 60,000 lines of code. RATS has been compiled and tested in various 
avorsof UNIX operating system, e.g. HP-UNIX (Hewlett Packard), Sun OSF1 (Alpha stations), SunOS 4.X (SunSPARC Stations), ULTRIX (DEC workstations), IRIX (SGI) and Linux (PC).At a glance, RATS has the following features.� Conventional modeling primitives: � Implicit modeling primitives:arc, box, brick, cone, cylinder, point, line, arc, triangle, planedot, patch, polygon, plane, � Selective visibility [64]quadrics, sphere, torus, triangle � Clouds of light and halos� Height �elds � Surface and texture assignments� Object hierarchies � Scalar, color and vector variables� Object instances � Internal man pages� Linear transformations � Internal tests for most commands� Flexible super/under/sampling � Animation tools� Depth of �eld � Time pro�ling tools� Motion blur � Image arithmetic (AND, XOR, SUB)� Penumbrae � Image viewer/tiler for X displays� Transparent shadows � Thumbnail image icons� Solid and 
at textures � Interactive previewer� Automatic and nested grids � TIFF, TARGA, MTV, FLI support
C.2. COMMAND LANGUAGERATS command language contains over one hundred commands that are grouped according to their purposeas follows.RUN basic commands to start/run/stop the programCAMERA create virtual cameraMATERIALS create textures and surfacesPRIMITIVES create primitive objectsOBJECTS create and manipulate objectsOPTIONS set rendering/modeling/running/viewing optionsSCENE set lights, backgrounds, atmosphere... and shootTOOLS handy little things: animation, �le conversion, etc.The following naming conventions are used:UPPERCASE explicit triple x y z or user-de�ned vector or color variablelowercase keyword, explicit scalar or user de�ned scalar variable[anything] square brackets indicate optional argumentsColor standard color, as LightBlue or user-de�ned color variablefn �le name, as `../somewhere/some�le.tif'sn surface name, as `Plastic'Many commands have internal test suites and manual pages. Such commands are marked with letters `T' and`M', respectively. M-commands usually have complex syntax and some of them require more than one line ofcomments. If the `argument' �eld of an M-command shows dots `...', consult the manual pages for detaileddescription of the arguments.1The exact meaning of this acronym is still undecided | it evolves with the program and the process is not over.Among the most recent interpretations are Ray-tracing/Animation/Tools/Software, Ray-tracer/Animator/Testbed/System,Rocket/Assisted/Takeo�/System, and Russian/Artists/Can't/Spell.



Command Language 55RUN Commands of this group control the basic execution of the program.Opcode Arguments Commentsread fn1 [fn2 ...] read commands from batch �le(s)pause [message] [print message] and wait for ENTERreturn return from a batch �leinfo print version informationhelp [command] print help [for a single command]man command print the manual page for a commandtest command [print] run a test for a command [print only]log [filename] open/close a log �levar name = value create/update a variable Mstopwatch start/stop stopwatchquit �nish the sessionThe following characters have special purpose.Character Comments# comment sign@ suppress echo of the following command, < > delimiters (also space and tab)f arguments continue on the next line[s]g list of arguments endedCAMERARATS supports two types of camera settings: a conventional type that employs eyep and fov parameters andmore 
exible type as described in Foley et. al. [25], via cp and window command. The other camera-relatedparameters, such as aperture, shutter, focus, etc. are common for both types.Opcode Arguments Commentsaperture radius camera lens, default 0 (pinhole camera) Tfocus distance to focal plane, default distance to VRPshutter fraction of open time, min 0 (no blur) max 1.0 MTvrp x y z view reference point in world coordinatesvup x y z view up in world coordinatescp x y z w center of projection in VRCvpn x y z view plane normal in world coordinateswindow x X y Y min x max X, min y max Y in VRCeyep x y z eye position in world coordinatesfov hor vert �eld of view in degreesMATERIALSBefore any objects are created, their material must be de�ned. In the text, the surface command is referredas material, which is more correct conceptually. For compatibility purposes, RATS is still using the opcodesurface.Opcode Arguments Commentstexture ... create/update a texture MTsurface ... create/update a surface (a.k.a. material) MT



Command Language 56PRIMITIVESTo create a stand-alone primitive, its surface must be speci�ed after the opcode, e.g. sphere Plastic, 1, 00 0. However, if the primitive belongs to a chain of the same primitive objects (see chain), the surface nameis omitted.Opcode Arguments Commentsarc a b P N a1 a2 see torus; add start angle and width (deg) Tarch b P1 P2 P3 tube radius + three points P1 P2 P3 Tbox PMIN PMAX box de�ned by min and max points Tbrick x y z box of (xyz) dimensions around the origin Tcone b BASE a APEX radius at base, radius at apex Tcylinder r BASE APEX radius, base and apex; lids are closed Tdot POS polynomial point source Tgauss POS Gaussian point source Tline BASE APEX line convolved with a Gaussian potential Tpatch (V1 N1) x 3 phong shaded triangular patch Tpipe r BASE APEX same as cylinder but without lids Tpolygon V1... Vn planar polygon with n vertices (max 128) Tplane POS NORM plane with a point and normal Tquadric ... create a quadric in local coordinates MTsphere r POS radius and center Tterra ... create a terrain out of image �le MTtorus a b POS NORM sweep and tube radii, center, normal Ttriad V1 V2 V3 triangle conv. with Newtonian potential Ttriangle V1 V2 V3 
at triangle T

OBJECTSPrimitive objects, created via commands listed above may be organized and manipulated as hierarchies ofobjects. Objects at every layer of the hierarchy may be accompanied by their transformations.Opcode Arguments Commentschain sn, name start a new chain of primitives Tobject name start new compound object Tinstance ... clone object Tclose �nish current compound object or chain Ttranslate x y z [object] along (x y z), last object by default Trotate x y z [object] about (x y z) Tscale x y z [object] along (x y z) Texplode x y z [object] radially explode an object by (x y z)transform [object] force transforms now (to make blur)



Command Language 57OPTIONSOptions control the output image size and quality, accelerations techniques, memory managements and the wayRATS interacts with the user.Opcode Arguments OPTIONS Defaultecho on/off turn echo on/o� ONwarning on/off allow warning messages ONverbose on/off run in verbose mode ONbounds on/off use bounding volumes ONsoft on/off allow soft objects ONtimer on/off do time reports after RT ONstat on/off do statistic report after RT o�map on/off [N] create time-pro�le image o�double on/off use double-sided faces o�penumbra on/off enable soft shadows o� Tnoview on/off don't display RT image o�nosave on/off don't save RT image o�dither on/off dither images for viewing ONgamma value gamma correction for viewing 1.0framesize width height output resolution 128 128filename name output �lename sceneformat fmt save as tif/tga/mtv tifcompress on/off compress or not when saving ONepsilon value ray-surface hit precision 1e-4vanish value min color value 4e-3maxdepth number depth of shading tree 5maxmol number max molecule size 300digger [hermite|lagrange| who digs roots ofbrent|ridder|RF] isosurface equations? hermitecontrast r g b supersample threshold .25 .2 .4pack ... set packing method grid Mindicator [none|all|bar|text| set RT progress indicatorpixel|line|ETA] barfragile [none|all|arc|pipe| which soft prims change Rcylinder|sphere] as set in the material? nonesample ... set sampling method 1 MTmesh ... polygonal mesh control robust MSCENEObjects act on scene, which contains lights, atmospheric e�ects and pretty much the rest of the synthetic worldwhich is built by other commands. For instance, arguments for report and reset commands are: data,model, surfaces, textures, lights, background, clouds, fog, cameras, options, var.Opcode Arguments Commentslight Color [options] create a new light source MTfog Color [options] add fog to the scene MTbackground Color [options] create a background layer MTcloud Color [options] create a cloud layer MTremove object name remove an object from the scene Treport ... display values of most parameters Mreset ... set most parameters to default values Mpreview ... visual RT preview for X displays Mshoot ... start ray-tracing of the scene M



Command Language 58TOOLSTools group is a catch-all for utilities that perform various operations on images, control the appearance of theX display, etc.Opcode Arguments Commentsanimate fn1... [options] make animation [loop|mirror|dither] Tplay fn [options] playback animationsplit fn [frame.fmt] split animation into frameNNN.fmt �lescollage [options] fn1 fn2 make a collage of image several �lesfli fn1... [options] make a FLI �le of [speed N][size W H] Tconvert fn1 fn2 convert image �le fn1 -> fn2resize fn x y resize image �le fn by x and ydiff fn1 fn2 [save] SUB two image �les and save the resultand fn1 fn2 [save] AND two image �lesxor fn1 fn2 [save] XOR two image �lesshow ... display �le, color, palette, etc. Mkill [w1 w2 ...] kill some windows, [all of them]refresh [w1 w2 ...] refresh some windows, [all of them]tile [options] tile windows on an X displaycolors list available standard colors by namesrats start a friendly smalltalktable v1 v2 v3 v4 ... plot a polyline of up to 256 pointsshell [options] shell dataset generator (make your own)horn [options] horn dataset generatorBUGS and RESTRICTIONSCertain restrictions are hard-wired into the code. For instance, maximal number of nested input �les (128),maximal number of operands per command (512), maximal number of layers per texture (12), maximal depthof object hierarchies (16), etc. When an attempt is made to step over these limits, a `sorry' message is issued,the command is aborted and the previous state of the program is restored. Several bugs have been spotted butnot �xed in time.AUTHORAndrei Sherstyuk 15 September, 1998Version 7.31



Internal man pages 59C.3. TWO EXAMPLES OF INTERNAL MAN PAGESC.3.1. MaterialsAs mentioned before, materials are created using surface command, to support compatibility with datasetsdeveloped for earlier versions of RATS. The following manual pages are copied from the screen as they wereproduced by the program.RATS> man surface------------------------------------------------------------------------------create a new surface or assigns one surface to anotherFORMAT 1:surface { # create a brand new surfacealias # a single word as a surface name (required)body RGB, # * main body colorambient RGB, # * emitting lightdiffuse RGB, # * diffuse colorspecular RGB, # * highlight spot colorreflective RGB, # * reflected colortransparent RGB, # * transmitted colorindex k, # . index of refraction, default 1dispersion d, # . optical density variation, default 0shine p, # . Phong shiningradius r, # . in isolation for blobby materials, default 0blobbiness b, # . dittostrength s, # . scale the field, default 1skip RAYTYPE # make the surface undetectable for some raystexture t1 [+ t2 + ...], # add up to 12 layers of textures}FORMAT 2:surface new = old # surface assignment-----------L E G E N D-----------RGB may be one of the following:1. Color standard palette color or user-defined color var2. RGB explicit color values (0.25 1 0.75)3. number% percent of body color for diffuse and ambient componentspercent of incident light for spec, refl and transparentRAYTYPE may be one or more of the following keywords: pixel, shadow,reflected, transmitted* fields may be defined via vector variables,. fields may be defined via scalars variablesall fields are optional, except `alias'---------------E X A M P L E S----------------surface Mirror { diffuse LightBlue, reflective 0.7 0.7 0.7 }surface Plastic { body Red, diffuse 80%, specular 50%, shine 40 }surface Wood { diff LightWood, spec White, shine 100, texture Wood }------------------------------------------------------------------------------Test etude available. Type "test surface" to try it out



Internal man pages 60C.3.2. TexturesRATS> man texture------------------------------------------------------------------------------create a new texture or assigns one texture to anotherFORMAT 1:texture { # create a brand new texturealias, # a single word as a name for a new textureTarget, # required (see below)Method, # required (see below) default:translate XYZ, # translate argument 0 0 0scale XYZ, # scale texture argument 1 1 1times RGB, # scale texture values 1 1 1bounds RGB RGB, # clamp texture values none (-Inf,Inf)turbulence t, # noise in noisy textures 1 (full noise)octaves r, # level of noisy details 5-6mask 1 1 0.. # masking tiles out, if "scale" option was used# there must be X*Y entries, as set in scalereplace # keyword: texture values replace target values# (normally scale)texture t1 [+ t2 +...], # add up to 12 layers of other textures}FORMAT 2:texture new = old # create/update a texture using assignment-----------L E G E N D-----------"Target" specifies WHAT must be textured. One of the following keywords:1. diffuse, ambient, specular, reflective, transparent, index, shine- modify usual photometric components of the surface2. pigment - modify both diffuse and ambient components3. normal - modify normal vector"Method" specifies HOW to texture. One of the following keywords:1. marble, agate, granite, moon, onion, wood,ripples, sandal, checker, paint- use a predefined solid textures2. Color - apply color values as a texture function3. Fu Fv - use a pair of UV-based functions. Available functions are:one, x, saw, hat, step, sin, cos, sin^2, cos^23. img.fmt - texture values are taken as RGB from the image file. Theare two formats, plain and region-dependent:img.fmt plain- all points on the surface are textured, using UV valuesimg.fmt region <Min Max> <P1 P2 P3 P4>- a point is textured if it belongs to <Min Max> region andits normal vector goes thru the rectangle set by verticesP1 P2 P3 P4---------------E X A M P L E S----------------texture RedChecker { pigment Red, scale 2 2 1, mask 1 0 1 0 }texture Bumps { normal sin cos, scale 3 4 1 }texture Wood { diffuse wood, scale 9 8 1, bounds <DarkWood White> }texture MonaTiled { diffuse monalisa.tif plain, scale 2 2 1, replace }texture MonaBumped texture Bumps + MonaTiled------------------------------------------------------------------------------Test etude available. Type "test texture" to try it out



Selected Datasets 61C.4. SELECTED DATASETS################################################################### cowrie## Scene Spindle Cowrie -- a tiny mollusk (at most 4 cm)# that lives usually with gorgonians and feed on# their polyps.# Date Wed Aug 27 17:29:06 EST 1997# Author Andrei Sherstyuk# Features Blobby arcs and cylinders# Comments Very simple model, produced by the code below# The croissant-like combination of arcs turned# out to be so good, that inspired the gorgeous# model of a coral crab and `Wow' animation.## Objects 100 cylinders + 3 arcs# Version 7.12# Time demiurge, sample 4, 640x480: 24 min 29 sec (v 7.11)## Nice and simple##################################################################@reset all # clean up@echo off # no text output, until it's time to tracesoft on # enable implicit surfacesfragile all # make sure that material thickness overwrite individualsample 4 # 4x4 supersampling grid## Camera#eyep 3 3 3fov 50 50vrp 0 0 0vup 0 0 1## Output#framesize 640 480filename cowrieformat tiflight White point, position 2 4 3, intensity 1.2, noshadow## The radius of spikes-cylinders is declared as# a variable so I can adjust it interactively#var r = 0.05 hot## Blobby surfaces for the body (s1, s2, s3) and the spikes (s0)#surface s0 diff White, spec White, shine 10, blob -128, radius .034 strength 2surface s1 diff OrangeRed, spec White, shine 100, blob -16, radius .125surface s2 diff DarkRed, spec White, shine 100, blob -8, radius .250surface s3 diff OrangeRed, spec White, shine 100, blob -2, radius .500## The skeletal model#object SHELLarc s1 4, 0.125, <-2.5 -2.5 0>, <0 0 1> 5 80arc s2 4, 0.250, <-2.5 -2.5 0>, <0 0 1> 15 60arc s3 4, 0.500, <-2.5 -2.5 0>, <0 0 1> 30 30# read a datafile produced as "cowrie 100 0.75 > spikes.dat"read spikes.datcloserotate 1 1 0 30, SHELL## Start ray-tracing#echo on



Selected Datasets 62shootreturn#-------------------------cut here and save as cowrie.c-----------------------/*############################################################################### cowrie.c -- utility to add spikes to the croissant-like body of the shell## Compile: gcc -o cowrie cowrie.c -lm# Use: cowrie N length > output.dat,# where# N - number of spikes# length - the length of the spikes# Example:# cowrie 100 0.75 > spikes.dat##############################################################################*/#include "system.h"#include "types.h"#include "vectors.h"/** This is the "body", an arc defined as* sweep radius (float),* tube radius (float),* center (3 vector),* normal (3 vector),* start angle (float degree),* stop angle (float degree)* arc s3 4, 0.500, <-2.5 -2.5 0>, <0 0 1> 30 30*/#define CENTERx -2.5#define CENTERy -2.5#define CENTERz 0#define START 5.0 /* degrees */#define THETA 75.0 /* degrees */#define R 4.0 /* sweep radius *//** Prints usage and exits*/void usage(char *module){ printf("Usage: %s N length\n", module);exit(-1);}/** Rotate the point about Z axis*/void rotate_point(P, a)Vector *P;double a;{ double x, y, sinA, cosA;sinA = sin(a);cosA = cos(a);x = P->x;y = P->y;P->x = x*cosA - y*sinA;P->y = x*sinA + y*cosA;}void main(int argc, char *argv[]){ Vector Base, Apex;double len, length, chance, inc;



Selected Datasets 63int N, i;if (argc < 3 ||((N = atoi(argv[1])) == 0) ||((length = atof(argv[2])) == 0.0))usage(argv[0]);printf("# N = %d, length %g\n", N, length);for (i = 0; i < N; i++) {inc = deg2rad(START + (double)i/(double)N*THETA);/** Make the spike as a cylinder "base -> apex":* (0,0,0) -> (length, 0,0), then rotate the spike apex aroung Y* randomly and then rotate base and new apex around Z incrementally*/chance = 2.0 * PI * drand48();/** Apex point is rotated around Y and translated along X*/len = length * sin(2.0 * inc)*sin(2.0 * inc);Apex.x = len * cos(chance) + R;Apex.y = 0;Apex.z = len * sin(chance);/** Base translated along X*/Base.x = R;Base.y = 0;Base.z = 0;rotate_point(&Base, inc);rotate_point(&Apex, inc);/** Ajust the center*/Apex.x += CENTERx, Apex.y += CENTERy, Apex.z += CENTERz;Base.x += CENTERx, Base.y += CENTERy, Base.z += CENTERz;/** The spike is ready, dump it*/printf("cylinder s0 r, <%g %g %g>, <%g %g %g>\n",Base.x, Base.y, Base.z,Apex.x, Apex.y, Apex.z);}}



Selected Datasets 64################################################################ HORSE: Sea horse for "Modeling Marine Life".## Comments This model was conceived sitting in the restaurant# "Hideout" in Melbourne, where I and Katya went for# deserts one night. All the walls were painted with# incredibly grotesque seafood samples, including a# seahorse that I liked. So here it is.# Use: hermite re-used interpolants, precondensed# molecules, faster 30/35% than volatile molecules.# Objects Soft: 43 arcs# Hard: 2 spheres (the eyes)# Version 7.12# Precision SINGLE# TIME: resulution 320 512, demiurge, sample 4:# ---------------------------------------# hard: 5 min 25 sec# soft: 11 min 52 sec###############################################################@reset all@echo offpack nonefragile allsample 4## Camera#eyep 0 0 20fov 13 13vup 0 1 0vrp 0 0 0# Output#framesize 160 256filename horseformat tif# Lights#light White point, pos -10 5 10 noshadow, inten 0.75light White point, pos 5 10 10 noshadow, inten 0.25# Colors#var Body = SummerSkyvar Flin = Goldvar Apple = Gray15var Ball = Whitevar Spec = Whitevar phong = 100var Lo = 0.5 0.5 0.5var Hi = 0.7 0.7 0.7texture TT strength sin one bounds Lo Hi scale 22 22 1 times 1.15 1.15 1.15# Flinssurface F0 diffuse Flin specular Spec, shine phong, blob -256 rad 0.025surface F1 diffuse Flin specular Spec, shine phong, blob -128 rad 0.10# Eyessurface E0 diffuse Ball specular Spec, shine phong, ambient Graysurface E1 diffuse Apple specular Spec, shine 50# Tailsurface T0 diffuse Body, specular Spec, shine phong, blob -64 rad 0.32surface T1 diffuse Body, specular Spec, shine phongsurface T1 diffuse Body, specular Spec, shine phongsurface T1 diffuse Body, specular Spec, shine phongsurface T1 diffuse Body, specular Spec, shine phongsurface T1 diffuse Body, specular Spec, shine phongsurface T1 diffuse Body, specular Spec, shine phongsurface T1 diffuse Body, specular Spec, shine phong# Bodysurface B0 diffuse Body, specular Spec, shine phong, blob -8 rad 0.25



Selected Datasets 65surface B1 diffuse Body, specular Spec, shine phong, blob -16 rad 0.25surface B2 diffuse Body, specular Spec, shine phong, blob -8 rad 0.35surface B3 diffuse Body, specular Spec, shine phong, blob -8 rad 0.25 text TTsurface B5 diffuse Body, specular Spec, shine phong, blob -8 rad 0.05 text TTsurface B4 diffuse Body, specular Spec, shine phong, blob -8 rad 0.25 stren 0.5object HORSEobject HEAD # nose + forehead + top + back + cheek + eyes (2 spheres) + hornsarch B0 0.25 { -0.42857 1.8277 0, -0.87857 1.2277 0, -1.37857 0.9777 0 }arch B0 0.25 { -0.62857 1.7277 0, -0.37857 2.2277 0, 0.17143 2.4777 0 }arch B0 0.25 { 0.18393 2.4777 0, 0.55893 2.4777 0, 0.87143 2.2902 0 }arch B1 0.25 { 0.87143 2.2902 0, 1.05893 2.0402 0, 1.12143 1.7277 0 }arch B1 0.25 { 0.02143 2.3527 0, -0.1 1.6027 0, -0.86607 1.2277 0 }sphere E0 0.15 <-0.50 1.50 0.75 >sphere E1 0.10 <-0.50 1.45 0.85 >arch F0 0.05 { -0.766 1.615 0.25, -1.016 1.8027 0.25, -1.45357 1.9277 0.25 }arch F0 0.05 { -0.766 1.9902 0, -0.95357 2.2402 0, -1.26607 2.3652 0 }arch F0 0.05 { -0.641 2.3027 0, -0.82857 2.7402 0, -1.26607 3.1152 0 }arch F0 0.05 { -0.328 2.5902 0, -0.32857 2.9277 0, -0.64107 3.3652 0 }closeobject BODY# frontarch B0 0.25 { 1.07143 1.5527 0, 0.72143 1.0027 0, -0.0660701 0.5402 0 }arch B0 0.25 { -0.0660701 0.5402 0, -0.44107 0.1027 0, -0.37857 -0.5223 0 }arch B0 0.25 { -0.37857 -0.5223 0, 0.12143 -1.0223 0, 0.62143 -1.2723 0 }arch B4 0.25 { 0.62143 -1.2723 0, 0.87143 -1.3973 0, 1.12143 -2.0223 0 }# backarch B0 0.25 { 1.12143 1.7277 0, 0.93393 0.9777 0, 0.62143 0.4777 0 }arch B3 0.25 { 0.62143 0.4777 0, 0.49643 -0.0222998 0, 0.87143 -0.5848 0 }arch B4 0.25 { 0.62143 0.4777 0, 0.49643 -0.0222998 0, 0.87143 -0.5848 0 }arch B0 0.25 { 0.87143 -0.5848 0, 1.24643 -1.1473 0, 1.24643 -2.1473 0 }# middlearch B0 0.25 { 0.00393 0.1902 0.0, 0.05893 -0.2100 0, 0.63393 -0.9723 0 }arch B2 0.33 { 0.52143 0.7777 0.0, 0.06430 -0.0223 0, 0.57143 -0.9848 0 }closeobject TAILarc T0 1.000 0.25 < 0.2 -2.0125 0> <0 0 -1> 0 90arc T1 1.000 0.25 < 0.2 -2 0> <0 0 -1> 90 90arc T1 0.500 0.25 <-0.3 -2 0> <0 0 -1> 180 90arc T1 0.500 0.25 <-0.3 -2 0> <0 0 -1> 270 90arc T1 0.250 0.25 <-0.05 -2 0> <0 0 -1> 0 90arc T1 0.250 0.25 <-0.05 -2 0> <0 0 -1> 90 90arc T1 0.125 0.25 <-0.175 -2 0> <0 0 -1> 180 90arc T1 0.125 0.25 <-0.175 -2 0> <0 0 -1> 270 90sphere T1 0.25 <-0.050 -2 0>arc B5 1.000 0.25 < 0.20 -2 0> <0 0 -1> 290 90arc B3 1.000 0.25 < 0.21 -2 0> <0 0 -1> 20 90arc B3 1.000 0.25 < 0.20 -2 0> <0 0 -1> 340 60arc B3 1.000 0.25 < 0.19 -2 0> <0 0 -1> 30 60closeobject FLINarch F1 0.10 0.93393 1.4777 0, 1.43393 1.7277 0, 1.93393 2.2902 0arch F1 0.10 0.93393 0.9777 0, 0.93393 0.7277 0, 1.43393 0.1652 0arch F1 0.10 0.93393 1.0402 0, 0.99643 0.8527 0, 1.62143 0.4152 0arch F1 0.10 0.93393 1.1027 0, 1.05893 0.9777 0, 1.74643 0.6652 0arch F1 0.10 0.93393 1.1652 0, 1.12143 1.1027 0, 1.87143 0.9152 0arch F1 0.10 0.93393 1.2277 0, 1.18393 1.2277 0, 1.99643 1.1652 0arch F1 0.10 0.93393 1.2902 0, 1.24643 1.3527 0, 2.05893 1.4777 0arch F1 0.10 0.93393 1.3527 0, 1.30893 1.4777 0, 2.05893 1.7902 0arch F1 0.10 0.93393 1.4152 0, 1.37143 1.6027 0, 2.05893 2.0402 0closeclose HORSEecho onshootreturn
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"If anybody wants to clap,"said Eeyore when he had read this,"now is the time to do it."They all clapped."Thank you,"said Eeyore."Unexpected and gratifying, if a little lacking in Smack.""It's much better than mine,"said Pooh admirably, and he really thought it was."Well,"explained Eeyore modestly,"it was meant to be."{ Eeyore from "The House at Pooh Corner"by A. A. Milne


