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Part 11

Chapter 1

5 Given a Lie group G, define its identity component Gy to be the connected component con-
taining the identity element. Show that the identity component of any Lie group is a subgroup,
and a Lie group in its own right.

Suppose we have a path from the identity to ¢ € Gy. Now map this path to a new path by
multiplying each element by h € GGy. This path starts at h and since the mapping is continuous,
must remain in Gy. (Otherwise, smoothly mapping the group manifold to R™ would show a
discontinuity at some point.) Thus hg € G for all h, g € Go.

There’s a certain tension between having a smooth manifold with disconnected pieces — given
a map from the the manifold to itself, one must take care that it does not have a discontinuous
action, mapping some points in one component to another component. When this map is an
element of the group, this requirement makes G into a subgroup.

6 Show that every element of O(3) is either a rotation about some axis or a rotation about
some axis followed by a reflection through some plane. Show that the former class of elements
are all in the identity component of O(3), while the latter are not. Conlude that the identity
component of O(3) is SO(3).

Rotations preserve the inner product between vectors, so with any rotation R we can transform
the standard orthonormal basis {ej, e, €3} to another. But Re; is just the first column of R,
so this fact means that RT R = 1. Conversely, the condition Q7Q = 1 means that Q can be
thought of as a set of orthonormal basis elements, and the action of () on the standard basis
will produce this new basis. This new basis need not be a rotated version of the standard basis,
however, as it could also involve reflections. This corresponds to a negative determinant as the
orientation of the standard basis is not preserved. Aany such () can be decomposed into () = PR
by using a reflection operator. Let P’ be the reflection through the plane defined by the first two
standard basis vectors, i.e. the one flipping the third standard basis vector. Clearly QP = R
for some rotation R, since it now has a unit determinant. Then write QP = QP'QTQ = PQ,
defining P = QP'QT, which is symmetric: PT = QPTQT = QP'QT = P. Thus Q = PR
for some rotation R and reflection P. All rotations are connected to the identity, since we can
imagine continuously varying the rotation amount. Thus the identity-connected component is
SO(3). The reflections could not be the SO(3) since they do not form a subgroup; the product
of two reflections is a rotation.

8 Show that if p : G — H 1is a homomorphism of groups, then p(1) =1 and p(g~') = p(g)~'.

First, the identity and inverses in a group are unique. Suppose there were two identity ele-
ments, e and 1. Then ge = eg = g = g1 = 1g for all g and in particular e = el = 1, using the
identity properties of first 1 and then e. The uniqueness of the identity implies the uniqueness
of inverses, for suppose g had two inverses, h and k. Then gh = gk = hg = hk = 1 and thus
hgh = h = hgk = k. Now if p is to be a homomorphism, then p(g) = p(g1) = p(g)p(1) for all
g, whence p(1) is the identity. Similarly, p(1) = p(g9™") = p(g)p(g~") for all g. So p(g~") must

be the inverse of p(g), i.e. p(g)~*.
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9 A 1 x 1 matriz is just a number, so show that U(1)={e? : 0 € R}. In physics, an element of
U(1) is a called a phase. Show that U(1) is isomorphic to SO(2), with an isomorphism being

given by
N cosf  sind
ple )_(—sin9 cos@)'

First we check if the map is a homomorphism, and then if it is bijective. For the homomorphism
we need to show that p(e?)p(e’®) = p(e'®+9)), which follows since

( cosf  sinf )( cos¢  sing ) _( cos(f+ @)  sin(6 + ¢) )

—sinf cosf —sing cos¢g )\ —sin(@+ ¢) cos(d + ¢)

The map is onto, since every element in SO(2) is of the given form, for some 6. It is one-to-one
since unless § = ¢, p(e) # p(e?).

12 Show that for any bilinear function f : V x V' — W from vector spaces V and V' to W
there ezists a unique linear function F :'V @ V! — W such that f(v,v'") = F(v®7').

Here we're not trying to prove abstractly that the tensor product has this property; this property
is the definition of tensor product. We want to show this property holds for the tensor product
given. For the function f to be bilinear, it must obey f(v,v') = f(v'e;, v7e}) = v'v” f(e;, €]).
But v®v" = v'v”e;®¢], so we can just define F' by the action on the basis: F(e;®¢}) = f(e;, €}).
This set is a linearly independent basis, since the parts are linearly independent, and so the
function defined this way is unique.

18 Show that any 2 X 2 matrix may be uniquely expressed as a linear combination of Pault ma-
trizes oy, . .., 03 with complex coefficients, and that the matriz is hermitian iff these coefficients
are real. Show tha tthe matriz is traceless iff the coefficient of o¢ vanishes.

A general 2 x 2 matrix A has components a;i, i.e. in the “standard basis” of matrices. By
direct calculation we can also represent A as ), cxop for 2¢y = agy + a1, 2c5 = agy — a1,
2c1 = ap1 + a10, and 2¢; = i(ag — ayp). Hermiticity requires that the ¢; are real, since the
o; are, which can also be seen from direct calculation. ¢y is half the trace, so the matrix is
traceless exactly when ¢y = 0.

20 Show that the determinant of the 2 x 2 matriz a + bl + ¢J + dK is a®> + b* + 2 + d%. Show
that if a,b,c,d are real and a® + b* + ¢ + d*> = 1, this matriz is unitary. Conclude that SU(2)
18 the unit sphere in H.

a—1id —ib—c
—itb+c a+1id
lows. Direct calculation reveals MM' = det(M)1. Regarding the matrices I,J, K as the
three quaternionic units, which we can do since they obey the same algebra as the matrices,
we can see that any element of SU(2) can be regarded as a point on the quaternionic unit sphere.

In the usual representation the matrix is just ( ), so the determinant fol-

21 Show that the spin-0 representation of SU(2) is equivalent to the trivial representation in
which every element of the group acts on C as the identity.

To construct the representations, we start from the homogeneous polynomials f(z,y) on (z,y) €
C? of degree 2j. This is a vector space of dimension 25 + 1 since 2%/, 2% 1y, ... y% forms a
basis. Now for any g €SU(2), let U;(g) be such that (U;(g)f)(v) = f(g~'v) for v € C?. In the
case of spin-0, f(x,y) = c for some constant c. Thus f(g~'v) = ¢ = (Uy(g)f)(v) and we must
therefore have Uy(g)f = f.
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22 Show that the spin-1/2 represenation of SU(2) is equivalent to the fundamental representa-
tion in which every element g €SU(2) acts on C* by matriz multiplication.

Here the homogeneous polynomials are simply f (x,y) = ax + by, i.e. elements of C2. Then
regarding f as the column vector f, f(x,y) becomes the inner product f7 - (z,y). f(g~'v) is

therefore f7 - g~'v = (¢f)7 - v, so Urp(9)f = 9f.

23 Show that for any representation p of a group G on a vector space V there is a dual or
contragredient representation p* of G on V*, given by

(0" (9)f)(v) = fp(g™")v)
forallv € V, f € V*. Show that all the representations U; of SU(2) are equivalent to their duals.

Clearly p*(e) = 1, so we need to show that p*(gh) = p*(g)p*(h). (p*(gh)f)(v) = f(p((gh)~")v) =
flp(htg™Hv) = f(p(h~")p(g~)v) = (p*(9)p*(h) f)(v).

Chapter 2

55 Given a manifold M, define charts for TM starting from charts ¢, : Uy, — R™ as follows.
Let V,, be the subset of TM given by V, = {v € TM : w(v) € Uy}. Show that every point in T M
lies in some set V. Define maps 1y : Vo, — R™ X R™ by 14 (v) = (0a(m(v)), (¢a)sv), where we
think of (pa)«v, which is really a tangent vector to R™, as a vector in R™. Give T M the topology
in which open sets are the unions of sets of the form O C V, such that 1,(O) C R™ x R™ is
open. Check that 1, are charts, so that T M is a manifold. Check that 7 : TM — M is smooth.

Every point v in T'M is in some V, since v is the tangent vector at some point p (as given by
p = m(v)), and every point p is in some set U,. To establish that v, are charts and T'M is
a smooth manifold, note that ¢, is smooth and so is the pushforward, so v, is smooth, too.
Transition functions from one chart to another are likewise smooth, since these are compositions
of smooth 1), and ;' which overlap on some open set. The projection 7 is smooth because
we can define the R*" — R™ version of the map by just ignoring the last n coordinates. But
this map is just ¢, o w041, so 7 must be smooth.

56 Given bundles 7 : E — M and ' : E' — M’', show that the maps ¢ : E — E' and
¢: M — M are a bundle morphism iff n’ o1 = ¢ ow. Show that ¢ uniquely determines ¢.

Bundle morphisms respect the bundle structure, i.e. the split into fiber and base. If /0t = ¢om,
then the fiber in £ over p must be mapped to the fiber in E’ over p’ = ¢(p), or else the rela-
tionship would not hold. Conversely, if the fibers are mapped to the appropriate base points,
then it doesn’t matter if we do the tangent space map first or second.

57 Check that ¢, is smooth when we make the tangent bundle into a manifold as in the previous
ezercise.

(typo on the “previous” exercise?) A map between two manifolds is smooth if it takes smooth
functions on the first manifold to smooth functions on the second. Points in the manifold in
question are vectors v, so functions of them are 1-forms w. Using an exact 1-form df we have

df(v) = v(f). When v = ¢.(u) we get df (¢.(u)) = ¢u(u)(f) = u(¢"f)) = u(f o ¢), which is

smooth.

58 Show that if ¢ : M — M’ is a diffeomorphism, then ¢, : TM — TM' is a bundle isomor-
phism.
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When ¢ is an isomorphism, the tangent spaces T,M and Ty(p)M’ are isomorphic, since the
smooth functions on M get mapped isomorphically to smooth functions on M’. Since the
pushforward is smooth and linear, it’s an isomorphism of the tangent spaces.

59 Show that for any manifold M, the tangent bundle m : T'M — M s locally trivial.

The induced charts v, give us a trivialization, with R™ as the standard fiber.

60 Describe a bundle that is not locally trivial.

61 Check that the tangent bundle of a manifold is a vector bundle.

To be a vector bundle, the local trivialization must be fiberwise linear. The standard fiber for a
tangent bundle is R™, and the trivialization is linear because it is just the pushforward (exercise
17, part I).

62 A 1-dimensional bundle is called a (real or complex) line bundle. Check that the Mdbius
strip is a real line bundle if we regard the standard fiber as being R.

Locally the M&bius strip is just R2, so the trivialization is linear.

63 Show that if a vector bundle morphism is a diffeomorphism, its inverse is a vector bundle
morphism.

64 Show that a (smooth (typo?)) section of the tangent bundle is a vector field.

A section of the tangent bundle assigns to each point in the base space vector in its tangent
space. From this we obtain a vector field from the pointwise action of the tangent vectors. The
output of the vector field is again a smooth function since the section is smooth; the directional
derivative (function value) changes smoothly from point to point since the tangent vectors do.

65 Show that I'(E) is a module over C*°(M).

The first two conditions are defined in the text. The other two are simply: (fg)s = f(gs) since
(fg)s == ((fa)s)(p) = (f9)(p)s(p) = f(p)g(p)s(p) = f(gs)(p) for f,g € C=(M).

66 Show that every section of the Mobius strip (viewed as a real line bundle over S') vanishes
somewhere. Conclude that hte Mobius strip hos no basis of sections, hence is not trivial.

can’t cut the mobius strip and make a cylinder unless there’s a zero somewhere.

67 Show that the dual vector bundle really is a vector bundle. Also, show that given a basis of
section e; of a vector bundle E, there is a unique dual basis €' of sections of E* such that for
each point p € M, €'(p) is the basis of B dual to the basis e;(p) of E,.

The basic idea, I think, is that since E|y is locally equivalent to U x R™ for any open set
U, then since E* just replaces E, with E} everywhere, E*|y must be locally equivalent to
U x (R")* = U x R™. This makes £* a manifold. To see that it is a vector bundle, just use the

canonical dual basis when mapping E to R™.

68 Show that if s is a section of a vector bundle E over M and X\ is a section of E*, there is a
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smooth function A(s) on M given by

for all p € M. Show that \(s) depends C*°(M)-linearly on A and s.

Locally, the vector bundles are trivial, so locally the section looks like a function from M to
V (V*), where E, = {p} x V. We can then apply A to s pointwise to obtain the function.
It is smooth since the sections are smooth. A(s) is linear over A\ and s since the action of the
cotangent vector on the tangent vector is linear in each argument. We get the C°°(M) part
since the action is pointwise and smooth.

69 Show that a section of the cotangent bundle is the same as a 1-form.

A 1-form is a map taking vector fields to functions on the manifold. Interpreting vector fields as
sections of the tangent bundle, means that a 1-form is a map from sections of T'M to functions
on M. By the previous exercise we see that a section of T*M is just such a map, so a section
of the cotangent bundle is a 1-form.

77 Show that the conditions goa = 1 and gosgsygra = 1 imply 95; = gap. Show that for any
sequences Qu, . ..,q, and B, ..., By, with oy = 61 and oy, = B,,, they imply

ga1a2 T gan—lan = 95152 o g/@m—lﬁm‘

Letting v = a in the cocyle condition yields ¢g,39809aa = 1. Then using g,, = 1 we obtain
9apgsa = 1, SO gﬁ’; = gap- Now observe that g, a, 190, 10n = Gara, since multiplying by the
inverse of the righthandside gives ¢a,a,_19a,_ian,9an0; = 1. By induction we can expand this
expression to Ga,as ** * Gan_1an- Similarly, we can start with gs,5,, 1 9am_ 18, = Jaia, and obtain
98185 """ GBm_18m> S0 they must be equal.
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86 Using a local trivialization of E over U, C M write the G-connection D as the standard
flat connection plus a vector potential: D = D° + A. Show that the vector potential A’ for D’

15 given in local coordinates by

A, = gAg + gopg .

Show that since A, lives in g, so does A,. (Hint: show that if A, lives in g and g € G,
then gA,g~" lives in g. Also show that if g € G, g0,9~" lives in g.) Conclude that D' is a
G-connection.

D, (s) = gDu(g7's) = gDp(g 's) + gAu(g~'s). The local trivialization means that we have
chosen a basis of sections {e;} such that D} (s’e;) = (9,57)e;. The action of g can be represented
by g = p(g)le;®e* and the corresponding flat covariant derivative is just D)(g) = (0,0(9)))e; @
e*. Inserting these expressions into D/, (s) gives

Di(s) =gDu(g~"s) = gD (g~ 's) + gAu(g~"s) (1)
=g (0up(97 1)) ex + gAug~'s = Dp(s) + g (Oup(g 1)) Sex +9Aug™'s  (2)
=D} (s) + gD (g7 ")s + gAug~'s = DO(s) + (90,9~ ")s + gAug s, (3)

where in the last equality we’'ve abuse notation somewhat. Hence the vector potential has
changed according to the prescribed form. For g € G, 99,9~ * lives in g for the following rea-
son. Really this expression is p(g)70,0(g7 )4 (x") and p(g)(2”) = exp (—c;(z”)h?), where h? is

a generator set for the Lie algebra g. Thus, gd,9™" = (9,¢;(z"))gh’g~!, which is an element of g.

11
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and M}kﬁ the veddr in the fibev above PO, Then we ]u»,s{' checke

7

’DD(/(JC) MAG'/) = D(b'LJc) V\P(Jg) =0 ’fW (5(%): Odﬂjf)) :
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-
oy
A

s

”?\
=
1

Sl
K
S
=
~—r—rF
(\
e
(\\
*
&
T~
&h
&
N—"

Wil wple) = W LFE) . w ot wlbte) )

2 Dy k) = Dy L8] = S (#l0) + ALEE) W (HY)

J { ) o/
= £ 9 \S:%qf ) + AL HE)) 0 (210)
- 9] 5 e+ AR U] = O
- | T~ —

=0
S we have shown fhe i owos Fam“e\—ﬁmglvoﬁec\ a(owj M(’C), it s
also ?aml\el%\mvxgyorm @[omj ).



Thet's an oven ossier wa7 s this usiag fhe ya&/ordem{ exponentil

H,(Y)w Po f & A ))

Chuose 7' ()= Pl6) = £18) o' (F(1) Then dt A (b 1)) = dE£'(E) Al ($W)
whidh ig g A& )) for s=flt ) Thes

H(p)- P o) -, L A)pyp

U Check the idenfifies  H(44,D) = FHxD) =~ Halp,D)= H(%D), and
H(1,,0)=1.

We m\? need o chede the lash M Since then the othar fwo Pollow.

;: e Aeltizp for al 4, it F»{lows fd Lol0:0 sine
S W= L) S
S Tha AU{;(’(\) =0 ond fherehve the eftwo&\'ow for Ahe. wvariant
o durivafive  becomes
A ¢
© s W) = =0
Dy 10 = gputt)

o W)= W) e thethe B4 0 D)1
1 4,D) = B, DIB(%D) = Hxd)  ond similedy for Hlxdp D).

M. Chede ot the rmula he jauje )[vms{'wmed i’\o’onovmeg/

HY, D) = ¢ ) #y,D) gly0)”

M&s gven vhen  the ’P&d’\'\ X does, ot ghj within = an ?g,,\ set
‘O\Iw whidh  we have ‘{’Y')\/it«_\]%e(} 'H/\Q 6, L)vwﬂc_ E/ ]/7 br&kiﬁj M{) X
P Srhaller YGLH\S.

Well e holomamny doesn’t depend o the ol trivislizadion sine the covaciant

devivafive doegn't, so wt JuSvL heake up fhe Paﬂn in the different [ocel



—hwiq\\@éﬂom) and  the result wifl b mdePeV\Aevd' of the choices
o ) v
HiyD) = Bey,, D) By, D)
= 4(%lT) Hly,,D) g (ﬁ(o))" 5(\(, QLI a(x) ()"

" 9 0) BOR D) B ) § (00 = 4 1) ity ) gfre)

T%) S‘/\bw ﬂw}’ hL D ¥« 6“(0VW\QC§'1'OV\ o o Cn/buwl\e avd Y IS &
\0(7‘7, T\ne \/\O\OV\OV\/\j H’(‘]S, D) lives n G,

D S n (:1 - ovnecfion when ﬁ/\{ (,ovv\:romevd@ AV‘ D’f’ T}\c Ve.q"bf
Y»‘mm,\ live  in 9 (Fhe Lie m\%bm of @), Then, a((ofc\g'«\j i the

?oérk tnlrcam\ formua, The l/\b\‘mowj IS an o?emh\/ ﬂevuz,(aJred bj
e({w\evx\’s e’S‘ 9) Sb i'} VV\\/\S‘} \NQ m ‘H\Q Ue 3(0\/1? 6
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C\/\a?lrer 5

B&@% Exerctses Cuvvatwre

U Chece thed T, fw] = FLu,w] + V(P w
Aﬂ)lj oo funchion. h:
EV/‘F\IJJL\ = V"(‘FW)\/\ - *Fw\/‘\,\ - \/(F (W\/\))" )CWV\{\
= \/(\c) W\'\-I—Af:\/w\,\_ )C\N\/\/\
] (VUL)W +¥[V/"JD1W o5 intended.

P(O\’C Hhed H(Y,D>= j,/f,?'):/w ﬁf X on ivxﬁ'm‘i’esfmd [DOF

alom3 the  coorinedes XM/ o

Joseph M. Renes _U‘P\

We wse the ?kW/ofdard @xPon\‘n‘aJ:
S
H(Y; D) = POJ\F{- Jo A(f(c);ﬂs))égj

when Ly AY(9), Y1) we denste the vechsc potentid, 5 & foncron of
the vedhoe feld Y'le) ond the prcibion Y. The lde 16 tmglicitly
Confained W the fovmer, b in Thig calaladion e must be
Cwvehl o be exfliu%.

© 2009

Now  consider Yhe  cunl 7{ :
(4t o) 0ty
Y) = (CL/ i(%'l)) et el

(e3-1) 2) Lty
(o, Gali-t)) Byttt

\/J\/\L(‘Q (0\, k) wNean S XM:O\/ X\}:b, IJ(‘S \N\W\Ldiddj ov\/\oqg "r\/\‘\'i-
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g9, 0Lty
Y& = { 4edy etttk

4D Lt

“hedy 3yt

Now we've M.adtj b sfart,

N

ZCK)P(MS 5)‘6>>

| 2
|- Sc\s /’r(}{'(c)m(s)) > Ji?uods A(XI(‘)/’Y(S») b Fems of L\\-jL\er

oAev—

\l

Sine P&(X'(S))X(SD sz W don't peed P k@aP any ma(e hotms j\

L!;T‘g Coniendyade  on {’\,\Q ‘ﬁfhl’ ;Af—ajm];

o

| ‘Il,l
gz\s A(X%S)',?j[&)) JC\S 4¢ A ‘J(S% 0) + yds de Av(i i(ﬂ%l))

'y

gm An (20345, ¢) IJAs e Avlo 4e09)

'l Iy

here P(PQQ,L) s Shovthand fiv A(bﬁ(@b)}

Sne 5 1% small - we o can T&vlw Q\L\w\d Hhe ‘mjrej(mésl

Auldse 0) = Ao re ?%/Aﬁ(t,}gg:o), , + 0l¢)

£=0

" Ao+ des | s 0Le) when, #heec'S 1o
(on) ’170 Cod sreaf;ecf

A (2 ?,LLlS"D) A (0 0> + 49 A\} + z@d \)b\}Av D(Q)H‘S (0 O)
A}A (€(5-ds) /%>; A +‘L(5‘45>3/«A,A + ¢ Dy Pp +0(¢)
A del9)= Ay rdel-92y Ay + 0(<)
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g 'k
As AVORT ) = {55(%3‘\ +‘b%"3/~pr},\s> JC‘S K%Ayﬁ'% DAy + e 45()4&)

Sés et + 4254 uh, D, ) ASQﬂANu@fo-smAQ
’/4

),
= @ fipn TEG&D,AA,A r o by +¢ Py *“U}D\/Av

— l z
PR = S 0 A WA - ehy - L 2o

?/’L K}}AA\;’}\) A/.,J So ‘Jg\f/ 0 jooA.
N‘U\N fov e Seqend \M'ejm/[ :
(A
UAS [{6); yls ))) = | s dew AlY (), ) BY (Y »)

| >$,725, %0

) S

= J S ds, ds, A(s) Als,)

/A

WQ Con a{% Ta7\mf J{)\FM\() ﬂ,{ TA{/QTAVLA L\Ue/ bud’ b canse  We ov\[j want

h \(QQY *’Q(W\} \/kP 1o Q,L/ Wff“ WL[j hee& 'PV\Q gerbﬂ,ofder focen . -ﬂ’lod' iS/
W Con ‘\'\/%‘\' P( % onstont  ovel e different ‘rgg(,es O{’ %Q '\},,H,\

F\v/d/ [(Nk o f\l\t inGlde ':f\#'&)m\l
S Si A 0L s 'y
stl Als,) = 4 |
’ i At (5-3) Ay hes ¢y
5 At A - (s-2) A, Lis &3y

;AV -(5,-%) Ay Ypesel

Iv\sefh-\j s i e s mjrobml gives
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. _SXAM A/v\ +S

b

¢
< - S&‘c{ f;fbfws’(‘h)',\{s({lv 'MLJ

\

5 g I, |
jOA;) SOASL Als) AlSY = It Jods 5 A + S\ds Av(ghut (5-2)A)

Iy
g ‘ |
| /As A BhriAy s A - | o [k -6-% Av)]
I, Sl

- | z

SIS g vAv‘%'%W% K R
B %ZEA\)/AM]
A\%jeﬂw Wi have

B = - Ay -dvhe) - [ AuA] = 1= @R

Sl«ow Hmir ﬂl\Q \/\o\ovxowﬂ{g A[oy\ﬂ Mj J(wo l’lowxo‘]’brl'c ]%H«s Gee the
Sawe_ '1{* Hr\e Cuvvaduwre \/O\.V\(S\/\ﬂg.

LQJ((S choose o \/\DW\O'\WH Ys between fwo T&HAS Yo cnd Y and  chow
hak ng(yg,D):o D i fld

£ t o,
A / .
b QM-L&I ALYt yfe)) v+ Udk.cﬂw A@%‘)"Y‘H'ﬁwu +>
0 f—/
tﬂtl&tvfi - }ma'

270

T k, / |
S dadty (A (6D A1) + AlE) A (mwrh..
0

0 0
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(-@“J AGt)) A -~ ALEHL) dbo- b,

° ’t7/t,7/—-'7/‘tv\7/0

H(]IS/ D> =

2 A%

lefmva‘iaﬂws We obfuin

& ) = z(,( J( A\A/L-—-/‘xv\a—...+A,AZ'--A:\>JJCV\"'C“C,

Nn=0
'kﬂ/‘t,'?/ 7JC 70

\As'\vxj HAQ thovihand AL" j’s A(Y{(tk»

MOV L ’)'9 (ow~e (CL)/ Jms%— WVARZY Y ﬁ/\e 7534 o{“ jxfbé\(aV\

V echor WMM)



. Show Fhat e\/e\/j conmecHon o a bundle TE M iy £l

P
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i M 6 e dimenci onal.

The twnection 16 £lif when the cuvvahwee vanighes
F (LA/\I) - [DM,D\,] - DEA,\/] =0

Stne M is one c\iw,v\s‘ovml/ N any - open e K we lave
but e wodingde | say X, and one pgocictel cosedinte vedne
ﬁeldl Ok, whidh 35 a bsis for vedor fields o U (W\""j funchions
o5 owgonends) . This UsW (92 and ve 02 o thd

F(V\/V): U’("\) \/’(X) F(bx)’bg -0 e F e anﬁgnjmmhi(..

18 Ut the vosults of exeverse 72 o ghow thet g E-valied differential

Toem an be wriffen — k- V\ecesga\r;\j wta[u\glj — 05 a Sum of
'ﬂ/“’%f’- of HAQ FDW\ 38’03] \:\!\/\e(e S ik o Séd‘iov& 01(’ E and W
'\S A\ D(d\'r\an c\iﬁ‘e(evd’inl ]CI}YW\ DI IV\

Isnt Hhe ot o Huse “nof nec \/Wu‘clwe[j " enerits the Game s
e HIW Hosewm of  QUT? T ol words i the vech spece
\/f—U\@\s\// WO wn Chose o busic P \/ \47 d/\oosij beses fir
W pnd W and V"\\A\'\"lf\\jfﬂj taew . Thea anj et F V' oen b

Q,}Q?YQS%{(\ U\V\\\/\V\Qt?, &d‘ T\(\WQ(S Kl he_ ?yg{dwz\ {’b wie  an Oue(cvvv\ﬁ)\e]l‘e
<ot &Yrodud' Ve, ian the c\QLbW\YOsiﬁov\/ ad gl decomrosiﬁov\s wil
e olcted bj wndovice  in Y mannee of The By Theovem.

He\/e, E o a vedor vac“e, 3) dgéul/abag{g/ ind e s]mé o ‘va\s
Ce(Jra'w\\j 6\0%) bv/ Sb ﬂ{ aodue ij\udg hW(j‘
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debine 1o weA/je ?rodudr & an E-valued form, ond on olrfh/m’y foem
Such  that T wedge 67 the T -valued form spw ad  the orc}i/wj
rwm s given Vj

(S@w) Nz s@2(wAp)
and swik thad Hlg \,Julj{ F/oclw,{» dircvxdj Cw( M) /Ji/\(m(ij o0 Quch Jachr

We chdll worl 1n & ondud’ WSIS/ defing Hhe werQ ?“’A“U{’ \ﬂj the
‘FWVV\\A\Q cij\) oond H'\U\ chow Hiot the fesuH’)'V\] ZX[)!’&CS/&VL is basis -
ndependent-  Stact from an E-velued firm o
= Z \0)\45) RO, = ZC)]( Slj'@tolK
Jk k.
T Sowve  bases %%?5/ 20,3 pung %Sé% 70,5 The Wses ave velafed @

/—k [

SJ': 1) Sk, ) &)J: K)’(wé, C\/\ooswuj Y\/\Q F\;S-‘r/ AQFMQ

AN = ?j:\abjks‘)‘@(wkl\}o o Moan ovJMonf Prm.
Now C\MAV\jQ_ 1’\\@ basis,
=1 "
LA m = Z)'kb)k\) S, ® (Rk &)V&/\/Q
The wedje ?ruo\uar 15 \w\wf) )

- ~lowm !
XK Am = JZK\OJ\Q \J Ry gmkwm/\/g
QW\K/\'/\/

Com
= z Cﬂw\ 5,1@(@),/“/\}/\)
Lm

ik s whed we would heve w1y ddw‘mj the produc wn Fhe
other  bacie, Thus the produd’ i incleywevﬁ’ o baste ard C7(M)-

\lr\(m( \Dj (o sivuction.
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Show Yhy the hus defindione of the extonor (ONarant derivakive

Ve @1‘” ValenT.

On He ene \/\M\& wWe C{QF"M AD Vj M?“ﬂ (c)DS)(\;>:DVS ﬁr
WMJ veoo0w e Omrl i W worle in a eordinate Sy&f’evw XA fhan
wWe \ave o\pg = D/Ag@ Ax”\, Vo see That- ﬂ\zse ove e7w‘ualo\+/
()\d— on Gn o\r\ai—h‘afj vedoce :

(C\DS)V - (D/AS ® Ax‘*)\’ = V() DS = V 0y (¢*) Dus = VHDys

= D\/S 6s  dendd.

Check that  fhe (W&&jg fYOAV\d’ ot _)://\ALE\)~\(O\\AA€A foevms witl,
- valwed  Rvws is well - defined [aj s afon on Jo«oduds;

@@w) AN K9®/~> = T(s)é@@/\wx)

See Q¥ and 94, Ew]}m i lineac 5o e chole oF basic dosnf miter



